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ConocTraBneHMne YNC/IEeHHbIX peanusaumn MeToaa Kesaapartyp
peweHns UHTErpasbHOro ypaBHeHuUs

D.A. TyKMaKOBlz
MMM KasHL, PAH, Ka3aHb

E-mail: tukmakovda@imm.knc.ru

MHTerpanbHble ypaBHeHMS BCTPEYAKOTCS B Pa3NnyHbIX pasgenax GU3nku — B aKyCTUKe, Teopum GunbTpaumii, anekTpodusnke, MexaHuke
TBepAoro nedopMupyemoro Tena. MHTerpanbHble ypaBHeHWs OpearonbMa MoryT 6biTb MPUMEHEHbI 47151 MAaTeEMaTUUYECKOro OMUCAHUS NPOLECcCoB
U3/y4YEHUS U PacCesHUst 3BYKOBbIX BOMH. YacTo OTbICKaHME TOYHOIO aHaNUTUYECKOTO PeLleHUst MHTErpasibHbIX YPaBHEHWI NpeacTaBnseT-
€S 3aTPYAHUTENbHBIM, B CBA3M C YEM A/ PELLUEHUS TakUX YPaBHEHUI MPUMEHSIOTCS YMCNEHHble MeToabl. HacToswas pabota nocesweHa
QHanM3y anropuTMOB YUCIEHHOTO peLleHus UHTerpanbHoro ypasHeHus ®MpearonbMa BTOporo poaa. B pabote npencrasneHbl pesynbraTbl
peanusaumm HeKOTOPbIX aArOPUTMOB YMCIEHHOIO MEeTOAA KBafpaTyp PeLleHns MHTerpanbHbiX ypaBHeHWA. MeTo KBaapaTyp CBOAMT pelue-
HWE UHTErpanbHOrO YPABHEHUS K PELUEHUI0 CUCTEMbI IMHEWHbIX anrebpanyeckmx ypaBHEHUM, KOTOPOE MOXHO Peann30BaTh PasiMyHbIMU
cnocob6amu. Beibop kBagpaTypHoit GpopMynbl MpeanonaraeTcs Npou3Bo/bHbIM, B paCCMaTPMBAEMOM UCC/IEA0BaHWM B KayecTBe KBaapa-
TypHOI dopMynbl npuMeHanack Gopmyna Tpaneuumid. MNpu cBefAeHUU UHTErPanbHOIO YPAaBHEHUS K CUCTEME JIMHEMHBIX anrebpanyeckux
YPaBHEHU TakxXe cylecTsyeT cBob6oaa B BbibOpe MeToAa pelleHuns TMHENHbIX ypaBHeHW. [Ing pelweHns cuctemMa IMHEeMHbIX YpaBHEHUM
npUMeHsannch MeTof faycca, MeToA «NPOCTbIX UTEPaLMIA» U UTEPALIMOHHLIA MeTog, Akobu. MiccnenoBaHue CBOMCTB MHTErpasbHOrO YpaBHEHUS
MoKasbIBaeT, YTO AP0 MHTErpasbHOro onepartopa yAOBMETBOPSET CBOWCTBAM, NPU KOTOPbIX MHTErPasbHbIA ONepaTop ABNSETCS OKUMa-
IOLLMM OMEPATOPOM W, CIeA0BATENbHO, UHTErPAZIbHOE YpaBHEHWE UMEET eAUHCTBEHHOE pelueHne. ConoCTaBneHWEe YNCIEHHbIX pacyeToB
LNS Pa3/IMYHbIX METOAMK PELUEHUS CUCTEMBI JIMHEMHbIX YPABHEHWUIA LIEMOHCTPUPYET, YTO MeTof, IKOBU pelleHns CUCTEMbI IMHEWHbIX an-
rebpanyecknx ypaBHEHUA CXOAMTCA K TOYHOMY PeLleHUI0 CYLecTBeHHO BbicTpee MeToAa «MpoCTbiX UTepaumin». MNonyyeHHble pesynbTaThl
BO3MOXHO MPUMEHUTbL NMpU pa3paboTke anropuTMOB peELUEHUS UHTErpasbHbIX YPaBHEHWIA.

KntoueBble cnoBa: MHTerpanbHble ypaBHEHWs, METOA KBAAPaTyp, CUCTEMA JIMHEMHbBIX YPaBHEHWIA

Pabota BbiNonHEHa B paMKax rocyAapcTBeHHOro 3aaaHus MenepanbHOro MCCNeoBaTenbCKoro LeHTpa KasaHckoro Hay4yHoro
LeHTpa Poccuickor akafemMmnm Hayk.

Comparison of numerical implementations of the quadrature method
for solving an integral equation

D.A. Tukmakov™?
IME KazSC RAS, Kazan, Russia

E-mail: tukmakovda@imm.knc.ru

Integral equations are encountered in various sections of physics — in acoustics, filtration theory, in electrophysics, in mechanics of solid
deformable bodies. Fredholm integral equations can be used for mathematical description of processes of radiation and scattering of sound
waves. Often finding an exact analytical solution to integral equations seems difficult, in connection with which numerical methods are used
to solve such equations. This work is devoted to the analysis of algorithms for the numerical solution of the Fredholm integral equation of
the second kind. The paper presents the results of the implementation of some algorithms for the numerical quadrature method for solving
integral equations. The quadrature method reduces the solution of the integral equation to the solution of a system of linear algebraic
equations, which can be implemented in various ways. The choice of the quadrature formula is assumed to be arbitrary; in the study under
consideration, the trapezoid formula was used as a quadrature formula. When reducing an integral equation to a system of linear algebraic
equations, there is also arbitrariness in the choice of the method for solving linear equations. To solve the system of linear equations, the
Gauss method, the method of simple iterations and the iterative Jacobi method were used. The study of the properties of the integral equation
shows that the kernel of the integral operator satisfies the properties under which the integral operator is a contracting operator and,
therefore, the integral equation has a unique solution. Comparison of numerical calculations for various methods of solving a system of linear
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equations demonstrates that the Jacobi method for solving a system of linear algebraic equations converges to an exact solution significantly
faster than the method of simple iterations. The results obtained can be used in developing algorithms for solving integral equations.

Keywords: integral equations, quadrature method, system of linear equations

1. BBepeHue

151 MaTeMaTU4eCckoro MOZA,eJIMpOBaHys IPOLeCCOB Me-
XaHUKU SKUJIKOCTYU U Ta3a MPUMeHSII0TCs Kak nuddepeHin-
asbHble [1-6] Tak ¥ MHTerpaJbHble YypaBHeHus [7—-12]. B
pabore [7] mpencTaBieHa MaTeMaTUYeCKast MOAENb IBYX-
(asHoiT bunbTpaLVM B IOPUCTOJ Cpesle, OCHOBAHHAST Ha
pelieHMUM UHTETpO-IuddepeHIaATBEHOTO ypaBHeHMsI. B cTa-
The [8] npexncrasied 0630p paboT MO TeoOpeTUIeCKUM MeTO-
JlaM pellleHusI 3a/1au paccestHUs aKyCTUUeCKMUX BOJIH Ha cde-
pax 1 no onpeAeneHnI0 OCHOBHBIX XapaKTePUCTUK AaHHOTO
siByieHusI. B [9] pa3paboTaHbl METOIbI UMCIEHHOTO PEIIeHNS
MIPOCTPAHCTBEHHBIX 3a7a4 AMGPaKIMM CTAlMOHAPHBIX aKy-
CTMYECKMX BOJIH B CpefiaxX C BKIIIOUEHMSIMU B TPEXMEPHOM
rocraHoBke. B uccenemosauny [10] paccmaTpuBaeTcs pa3Bu-
TV TeOPUU aHATUTUIECKUX METOMIOB pellleHNsI UHTerpasib-
HbBIX YPaBHEHMI1 NPUMEHUTENbHO K Pa3IMYHbIM 3aJauaMu
¢usuku. B pabore [11] mpepjiaraeTcst pa3BUTHE METOIOB
pellleHMs] MHTeTrpalbHbIX YPaBHEHMI TIPUMEHSIOIINXCS B
Pa3JIMUHBIX MHXXEHEePHBIX obnacTsax. B MoHorpadum [12]
U3JI0KEHO TIPMMeHeHMe MHTerpaIbHbIX YPaBHEHUI IPU pe-
LIEeHUY Pa3IUIHbIX 3a[1a4a aKyCTUKMA.

V3 aHanm3a paboT M0 TeMaTHUKe MHTErPaIbHBIX ypaB-
HeHUI! ClefyeT, YTO pa3BUBAIOTCS KaK IPWIOKEHUS TeOpUU
MHTETPaJIbHbIX YPaBHEHMUI1 JJ151 MOLENVPOBAHUS pa3ing-
HbIX GU3MUECKUX TTPOIIECCOB, TaK ¥ COBEPIIIEHCTBOBaHME
MEeTOO0B pelIeHs] MHTETPaIbHbIX YPaBHEHUIA.

WNHTerpanbpHble ypaBHeHMS Ppearoabma BTOPOTO po-
Jla UMEIOT BaKHOe 3HaueHue JJ1s1 ONMCaHUS U3JTyYeHUs U
paccestHUSI aKyCcTU4YecKux BosH [12]. B HacTosmeit pa6o-
Te aHaIMU3MPYeTCs IPMMeHeHMe PaslInYHbIX aITOPUTMOB
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I peanm3alnyy MeToAa KBaZpaTyp UMCIAEHHOIO pelie-
HMS MHTErpajabHOro ypasHeHus1 @pearosbma BTOPOro po-
Ila, MCCenyeTcs BIUsSIHME BbIOOpa METOA PellleHNs CUCTe-
MBI JIMHEJHbIX YpaBHEHUI, ITOTyYaeMOil MeTO0M KBaJl-
paTyp, Ha CKOPOCTb CXOAMMOCTY UUCIEHHOIO pelleHMs
MHTErpaJibHOTO YPaBHEHMSI.

2. MeToabl UccnenoBaHUa

NuTerpanbHoe ypaBHeHMe @pearonbma BTOPOro poja
umeert Buz, [13, 14]:

b
y(x) 4 [ K(xs)y(s)ds = £(x) M
C 3BHAYEeHUSIMU d)YHKL[I/II/I " BEJIMUNH:
a=0,b=mxn A=01,
@)

K(xs) = (1+sin2(x+5)), f(x) = cos(x).

Euom png xosdbduimeHnTa A BBINOMHSIETCS YCIOBME
A< ((b—a)-M)~![14], TO B TakOM CJTy4ae CyIeCTBYeT
pellleHyie MHTEeTPaJIbHOTO YpaBHEHMSI, K KOTOPOMY BO3MOK-
HO OpraHM30BaTh CXONSIIMIACS UTepalMOHHBIN MpoILiecc.
3mece M = max |K(x,s)|;x,s € [a,b], nnst ypaBHenus (1) ¢
napameTpamu (2) 9TU 3HaUE€HMS COCTAB/ISIIOT COOTBETCTBEH-
HO —M =1, A < 1/x. IByXmMepHOe paclipefejieHne Bejln-
yMHbI QYHKIMY SIApa MHTErpaabHOTOo onepaTopa (puc. 1)
JOCTUTaeT MakCMMaabHOTO 3HaUeHuss —M = 1, Aj1s ceue-
Hust K(7t/2, x) MaKCUMYyM OOCTUTAeTCs B TOUke x = it/ 2.

0.9
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Puc. 1. MpocTpaHcTBEHHbIE pacrpeAeneHns: 3Ha4YeHWii SApa MHTerpanbHOro onepaTopa (a); BAOAb cevyeHuns x = it/2 (6)
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Jly1s yyiciieHHOrO penteHus ypaBHeHu (1) ¢ mapamer-
pamu (2) mpuMeHsieTcs MeToZ, KBaaparyp [13], cBoasimmii
pellleHyie MHTErPaJIbHOTO YPAaBHEHMSI K PEIIeHNIO CUCTEeMbI
JIMHEIHBIX ajirebpanyeckKux ypaBHEeHMIA:

n

y(xi) +1)_pj-Kijyj = f(x). (3)
1

3necb K; j = K(x;j,xj),x; = (i —1)-h,h = (b —a)/n; ceTou-
HOe pasbueHue IPeAIo/araloch PABHOMEPHBIM; p; — Beca
KBaZpaTypHoIt dopmyibl. B KauecTBe KBagpaTypHOIt dop-
MYJIbI BbIOpaHa hopmysia Tpanenyii [15], mpu paBHOMepHOM
pasbyMeHMy OTpe3Ka Beca KBaapaTypHOii GOpMYIIbI Tpare-
LIV OTIPeAeSIIOTCS CefyIoIM 00pasoM: p1 = p, = h/2,
pi = 1/h. 1151 pelieHns 3 IpuMeHsIUCh MeTog, [aycca, Me-
TOJ, <IIPOCTBIX UTepauuii» u Metox SIko6u [16]. UncieHHbIe
aJIrOPUTMBbI peasn30BbIBAIUCH B BUJe IIPOTPaMMHOI0 Kozia
Ha $s13bIKe IIporpamMmmupoBanus Fortran.

3. Pe3ynbTathbl pacyeToB

[Tpu yBenmueHUN ymciia y3710B KBaipaTypHOit hopmy-
JIbI HAO/TIOaeTCSI CXOOMMOCTD YMCJIEHHOTO PellleHMs MHTe-
IrpajibHOTO ypaBHeHUS (pUC. 2).

Pe3yibTaThl IPMMEHEHUSI METOMa «IIPOCThIX UTepa-
LIM» JeMOHCTPUPYIOT, UTO, HaUMHAS C KOJIMUECTBA IIaroB
m = 20, pacueThbl MICKOMO¥ QYHKIMM OU3KA (puc. 3).

B cnyuae, ecnut cuctema TMHEMHBIX YpaBHEHUI MHTe-
rpUpyeTcst MeToIOM SIko6H, TO, yyKe HauMHASI C BeTMIVHBI
m = 3, pe3yabTaThl pacueToB 6u3Ku (puc. 4).

ComocTaBjieHe pe3y/lIbTaTOB PaCUeTOB, [OTYUYEeHHbIX
METOJOM «IIPOCTBIX UTEPALMiT» ¥ MeTOLOM SIKOOM, TeMOH-
CTPUPYET GOJBIIYI0 CKOPOCTh CXOAMMOCTY IIPY IPUMeHe-
HuM Metoma IAxkobu (puc. 5(a),(6)).

4. 3akawueHue

[IpencraBieHbl pe3yabTaThl paCIeTOB PA3/IMUHBIX De-
anM3aluuii YMCIeHHOTO MeTOLa KBaJpaTyp pelleHus] UH-
TerpaabHOro ypasHeHus1 ®penronbma Broporo poza. Co-
TOCTaBJ/IeHle aJITOPUTMOB pellleHMs] CUCTeMBbI JIMHeMHBIX
ypaBHeHMI1, ITo/lyyaeMoli B pe3y/ibTaTe peanmsaluy Ynuc-
JIEHHOTO MeTOoJa KBaApaTyp, IeMOHCTPUPYET, UTO UNUC/IeH-
HOe pelleHre MeToaoM IKo6u cXOmUTCs GbICTPee K TOUHO-
MY pellleHUIO0 CUCTEMBI JIMHEVHBIX YPaBHEHUIA, OTIpeesie-
MOMYy MeTozoM ['aycca, ueM 4KucieHHOe peleHe METOLOM
«IIPOCTBIX UTepaluii». BoisiBIeHHble 3aKOHOMEPHOCTH BO3-
MOJKHO MPUMEHSITh IIPU pean3aluy MeTona KBagpaTyp
peleHMs] MHTErPaJbHbIX YPAaBHEHMIT B Pa3/IMUHBIX IIPU-
KJIaAHbIX 3aJayax, B TOM YMCIe B 3afadyax M3aydyeHus U
pacnopocTpaHeHMs] 3BYKOBBIX BOJIH.

Puc. 2. Pe3ynbTaTthl pacyeToB CXOAMMOCTU peLUeHUs MOSTy4YeHHO-
ro MeToAoMm laycca Ang pasnnyHbIX 3HAYEHWUI KOIMYeCTBa
Y3N10B KBaApaTypHOM GopMynbl Tpaneumii

y

0.0 0.5 1.0 15 2.0 25 3.0 x, pang

Puc. 3. Pe3ynbTaTbl pac4eToB CXOAMMOCTU peLIeHUs, MOY4EHHOrO
METOA0M «NPOCTbIX UTEPALMIA®, A8 3HAYEHUS KONMYECTBA
y310B KBaApaTypHoi dopMmynbl Tpaneumn n = 40

0.0 0.5 1.0 1.5 2.0 2.5

3.0 X, pan

Puc. 4. Pe3ynbTaTthl pacyeToB CXOAMMOCTU PELLIEHUS MONYYEHHOIO
MeToAoM SkobuM Ans 3HaYeHMs KONMYeCTBa Y3/10B KBajpa-
TypHOM1 popmynbl Tpaneuni n = 40
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1.0

0.5

0.0

—METOJT Faycca
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meton SIkobu, m=4
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0.51
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e \eT0]] [aycea

MeTOJ| IPOCTBIX UTepanuii, m=10

meTon SIkobu, m=4

-1 0 T T T T
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6)

Puc. 5. CpaBHeHMEe MeTOAA «MPOCTbIX UTEPALIMI» C METOAOM KOOW: METOA «MPOCTbIX UTepaLuit» m = 4 (a); METOA «MPOCTbIX UTEpaLUii»

m = 10 (6)
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