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JKcnepuMeHTa/ibHOe uccneaoBaHue ruapoauHaMUUYECKOM YCTOMUYMBOCTHU
TEYEHMS XXUAKOCTU B KOJIbLLEBOM KaHane

AA. Myxy'r.:l.MHoBa1 , A.J. HusamoBa' ™, B.H. KMpEEBZ

! MHcTuTyT MexaHukn uM. P.P. Maentotosa YOULL PAH, Yda
2 YUMCKHIt YyHUBEPCUTET HayKu M TEXHONOTUI, Yda
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Bonpockl, cBA3aHHbIE C NEPEXOAHBIMU PEXUMAMU TEYEHUS XUAKOCTU B KaHaNax pas/IMHHOro CEYEHUS, SBNFHOTCS OAHUMU U3 Hanbonee BaXHbIX
npu peweHnn NpuknagHbiX 3agad rmapoanHaMuku. |-|pl/I NpOeKTUPOBaHUN TENNOOOMEHHbIX yCTpOl’ICTB, CUCTEM OXNAXKAEHMA U NPOMbILWNEHHbIX
KOHJEHCATOPOB CYLLECTBEHHYH POSib UFPAET yYeT HEOAHOPOAHOro pacnpefeneHus TeMnepaTypbl HA XapakTepucTuky notoka. OcobeHHO
aKTyanbHoOM npeacTaBnseTcs npobnemMa onpeneneHus ycioBui NaMUHAPHO-TYpOyIEHTHOMO Nepexoaa B YCIOBUSIX MHTEHCMBHOTO TENI006MEHa.
B HacToswei paboTe BbINONHEHO 3KCNEPUMEHTANIBHOE UCC/IEA0BAHUE BUSHUSA NapaMeTpa TEPMOBS3KOCTU Ha MTMAPOAUHAMUYECKYH YCTOM-
YMBOCTb TEYEHMS B KOJbLLEBOM KaHane. [IMHaMuueckas BS3KOCTb XXMAKOCTEN AO/MKHA paccMaTpmuBaThCs Kak hyHKLMS TeMnepaTypbl U Ans
pa3NMYHbIX TENIOHOCUTENEN M 3aBUCETb OT UX PU3MYECKMX CBOMCTB. PaHee TeopeTnyeckn 6bi10 YCTaHOBEHO, YTO Y4YeT HEOAHOPOAHOCTH
pacnpeneneHus BA3KOCTU MO CEYEHUIO KaHANA MOXET CYLLECTBEHHbIM 0O6pa3oM BNUSTb HA KPUTUUECKKME 3HaYeHns yncna PeltHonbaca. C 3Tol
LieNbio NPpOBEAEHbI 3KCMEPUMEHTbI Ha YCTAHOBKE, OCHOBY KOTOPOW COCTaBMJIM BE FTOPU30OHTANIbHO PaCMO/OXEHHbIE KOAKCUANbHbIE TPYObI,
BbIMOSIHEHHbIE M3 NPO3PaYHOro Matepuana. Bo BHyTpeHHel Tpybe HaxoAWNCs HarpeBaTeNbHbIi 3EMEHT A1 CO34aHWUs TEMNEPATYPHOro
rpafiMeHTa B CEYEHUM KOMbLEBOrO KaHana. Mepexon oT 1aMUHAPHOIo TeYeHUS K TYpOYNeHTHOMY OMpeLenscs BU3yanbHO C NPUMEHEHUEM
pacTBopa nepMaHraHata Kanus. ns MUHUMU3aLMK BAUSHUS KOHBEKTUBHBIX MOTOKOB NOMAs UINa, Yepes KOTOpY NOAaBanach NOAKpaLleHHas
XMAKOCTb, pacnonaranacb B HWXKHEM YacTu KOMbLEBOrO KaHana. JKCNepuMeEHTbl MPOBOAUAMUCH C UCMONb30BAHUEM W/ CO CKOLUEHHbIM U
npsiMbIM cpe3amu. B kauectBe paboumnx xuakocTei o111 BoibpaHbl Boaa U 45%-11 BOAHbIM pacTBOp nponuneHrnukons. ng onpenenexHus
napaMeTpa TEpMOBSI3KOCTM NPOBEAEHbI ieTallbHble U3MEPEHUS BA3KOCTU 45%-ro BOAHOrO pacTBopa NPONUNEHINIMKONS B MANa30He TeMne-
patyp oT —8 o 70 °C. Bce n3MepeHus oCyLLeCTBASIIUCD C UCMOb30BAaHUEM POTALLMOHHOTO MOAY/IbHOMO BbICOKOTOYHOIO peoMeTpa Thermo
Scientific HAAKE MARS IIl ¢ MHTerpMpoBaHHOM 3NEKTPOHMKOW M 3NEKTPOMArHUTHbIMKU KNlanaHaMu AN TepMOCTaTUPOBaHUS. onyyeHo, 4To
BA3KOCTb pacTBopa nponuneHrnnukona HEIMHENHO yMeHbLUaeTCa C yBeIMYEHNEM NPOLEHTHOIO CoAePXXaHUA BOAbI, @ TAKXXE YMEHbLUAETCA
npv NOBbILLIEHUN TEMMEPATYpPbl MO 3aKOHY, 6/IM3KOMY K IKCMOHEHUMaNnbHOMY. [lokasaHo, Y4To KpuTndyeckoe uncno PeitHonbaca 3aBUCUT OT
pacnpefeneHust BA3KOCTM MO CEYEHUIO KaHana, CBSA3aHHOM C pa3HOCTbIO TEMMEPATYP Ha CTEHKAxX KaHana.

Kniouesble cnosa: napameTp TepMOBA3KOCTH, MTMAPOANHAMUYECKAS YCTOMUMBOCTD, IKCNEPUMEHT, KONbLIEBOW KaHan, uncno PeitHonbaca,
45%- BOAHLIA pacTBOP MPOMUAEHIIMKONS

Experimental study of hydrodynamic stability of liquid flow
in an annular channel
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The issues related to transient modes of fluid flow in channels of various cross-sections are among the most important in solving applied
problems of hydrodynamics. In the design of heat exchange devices, cooling systems and industrial condensers, it is essential to take
into account the non-uniform temperature distribution on the flow characteristics. The problem of determining the conditions of the
laminar-turbulent transition under conditions of intense heat exchange seems to be especially relevant. In this paper, an experimental
study of the effect of the thermal viscosity parameter on the hydrodynamic stability of flow in an annular channel is performed. The
dynamic viscosity of liquids should be considered as a function of temperature and for different heat carriers and depends on their physical
properties. Earlier, it was theoretically established that taking into account the non-uniformity of the viscosity distribution over the channel
cross-section can significantly affect the critical values of the Reynolds number. For this purpose, experiments were carried out on a setup
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based on two horizontally located coaxial pipes made of transparent material. The inner pipe contained a heating element to create a
temperature gradient in the cross-section of the annular channel. The transition from laminar to turbulent flow was determined visually
using a potassium permanganate solution. To minimize the influence of convective flows, a hollow needle through which the colored
liquid was supplied was located in the lower part of the annular channel. The experiments were carried out with beveled and straight-cut
needles. Water and 45% aqueous propylene glycol solution were selected as working fluids for the experiment. To determine the thermal
viscosity parameter, detailed viscosity measurements of a 45% aqueous propylene glycol solution were carried out in the temperature
range from —8 to 70°C. All measurements were carried out using a Thermo Scientific HAAKE MARS Il rotary modular high-precision
rheometer with integrated electronics and electromagnetic valves for thermostatting. It was found that the viscosity of the propylene
glycol solution nonlinearly decreases with an increase in the percentage of water, and also decreases with an increase in temperature
according to a law close to exponential. It is shown that the critical Reynolds number depends on the viscosity distribution over the

channel cross-section, associated with the temperature difference on the channel walls.

Keywords: thermoviscosity parameter, hydrodynamic stability, experiment, annular channel, Reynolds number, 45% aqueous propylene

glycol solution

1. BBeoeHune

Bompocsl, cBsI3aHHBIE C TTePEXOAHBIMU PesKMMaMU Te-
YeHUS KUIKOCTEN, UTPAIOT KJIIOUEBYI0 POJib B pellleHUM 3a-
a4 TUAPOIMHAMMKMA, 0COGEHHO B ITPUKIIAHBIX aCITeKTax. B
COBpEMEHHBIX UCC/IeNOBAHMSIX 0C000€e BHUMAHME YaesseT-
Cs1 OIpefie/IeHNI0 BIMSIHYSI HEOLZHOPOLHOTO pacIipefeieHns
TeMIIepaTypPHOTrO IO HAa YCTOMUYMBOCTD TeUeHMS KUJIKO-
CTeli C y4eTOM 3aBUCUMOCTU UX BSI3KOCTU OT TE€MIIepaTy-
pbl. ITepBbIMY B 3TOI 06acTy ctanmu ITortep u ['pabep [1],
KOTOpBbIe YCTAHOBUJ/IU BIMSIHME PA3HOCTYU TeMIlepaTyp Ha
CTeHKax KaHajia Ha KpUTu4deckoe uucio PeliHonbaca. Brio-
CJIESCTBAYM MHOXXECTBO aBTOPOB MPOLOJDKUIN 3TU UCCIIEN0-
BaHWs, Cpely HUX BbigensieTcst pabora Yomna u YuicoHa [2].
Hamnbomnee monHoe 1 cuCTEMaTHUUECKOE U3JIOKEHME 3a1a4
TUAPOAMHAMUYECKON YCTOMUMBOCTY U METOIOB UX pellie-
HMS MOXKHO HaiTy B KHure JIpasuHa [3]. CTOUT yUYUTBIBATD
TaKe, YTO, eC/IU BSI3KOCTD XXUIAKOCTY 3aBUCUT OT TEeMIIe-
paTypsl, TO MPOGUIIb CKOPOCTU HEOOXOAMMO IIPUBECTH B
COOTBETCTBME C 3aKOHOM M3MEHEHMUS BSI3KOCTH, U 3TO, TI0-
BUAMMOMY, BIIepBbIe ObLIO CHOEIaHO B [4].

B craTbe [5] M3yuaeTcs MOTOK HECKMMAEMOI JKUIKO-
CTU B IIJIOCKOM KaHaJle, XapaKTepU3yOLINIACS 3a0aHHbIM
TeMIepaTypHBIM II0JIeEM U lepenagom gasieHusi. [lomydyeH-
HbIe pe3y/bTaThl I0Ka3bIBAIOT, YTO HEOGHOPOLHOCTb TEM-
TepaTypHOTO TOJIS CYIeCTBEHHO BIMSIeT Ha YCTOMYMBOCTD
roroka. OGHAPYKEHO, UTO IIPU ONpee/IeHHbIX 3HaUeHN -
SIX TeMIIepaTypPHOTO IOJISI IOTOK CTAHOBUTCS HEYCTONYM-
BBIM, UYTO MOXKET IIPUBECTHU K TYypOyIM3aIum, a Takke, 4To
HellTpa/lbHble KPUBbIE IJIS CJTyyast HEM30TEePMUUYECKOTO Te-
YeHMsI OT/INYAIOTCS OT HEMTPaIbHbIX KPUBBIX JJISI C/Ty4dast
U30TE€pMUUECKOTOo TeueHus1. VicciiefoBaHbl BAMSHUS Mapa-
MeTpa 3aBUCUMOCTH BSI3KOCTU KUAKOCTU OT TeMIIepaTyp-
HOTO ITOJIA Ha KPpUTUYECKMEe XapaKTePUCTUKHA IIOTOKaA.

B craTbe [6] paccMaTpMUBAIOTCS HEKOTOPbIE 0COOEHHO-
CTU 1moTepmn yCTOI7[LII/IBOCT]/I JIAMMHAPHOTO TE€UYEeHMS KU -
KOCTY C 9KCIIOHEHLIMaJbHOM 3aBUCUMOCTBIO BSI3KOCTU OT
TeMIlepaTyphl B KOJIbLIEBOM KaHajle IIpY 3aJaHHOM Ha ero
CTeHKaxX TeMIlepaTypHOM pexkume. BbiBeieHO 06001eHHOE
ypaBHeHMe Oppa-3oMmmepdenbaa, KOTOpoe ObLIO 3amyca-
HO OTHOCUTETbHO (QGYHKIIMM MMOTOKA. [IpoBeeHO UMCIeH-
HOe MCC/IefOBaHMe COOTBETCTBYIOILEl KpaeBoil 3afaun ¢

JCIIO/Ib30BaHMeEM CIIEKTPaJIbHOTO MEeTO/la Ha OCHOBE TI0-
mmHOMOB YeObbImieBa. IToka3aHo, UTO C YIETOM BIUSHUS
TeMIlepaTypbl Ha BSI3KOCTb KUAKOCTH, KOTOpOe MoApasyme-
BaeT ee HepaBHOMepHOe paclipefeieHne 1o CeueHMIo Ka-
HaJia, TPOUCXOAUT YMeHbIlIeH)e KpUTUUeCKOTOo uncia Peii-
HOJIB/ICA, UTO COTJIaCyeTCs C pe3y/bTaTaMu MpeabIayIIinX
ucciaegoBaunii [5]. B uacTHOCTHM, KaK OTMeYasoCh paHee,
IS y3KOTO KaHala ¥ Ipy MajioM IlapaMeTpe TEPMOBSI3KO-
CTY CIIeKTP COOCTBEHHBIX 3HAUEHUI UIEHTUUEH CIIEKTPY
U30TepMUUECKOTO TeueHUsI B IVIOCKOM KaHaje. M3MmeHe-
HMe OTHOCUTEIbHOI IIMPUHBI KaHa/Ia U yBeluueHue napa-
MeTpa TepMOBSI3KOCTY IIPUBOAUT K CYIIeCTBEHHOI Tiepe-
CTPOJIKe CTPYKTYPHI CIIEKTPA COOCTBEHHbIX 3HAUEeHMIT 0606-
eHHoro ypaBHeHust Oppa—3omMmmepdenbaa. B pesynbra-
Te IIPOBeAeHHbIX MCC/IeOBaHNIT BbISIBJIEHbI 3aBUCUMOCTU
KPUTUYECKOro uuciaa PeiiHO/MbACA OT 3KCIIOHEHIUATbHOT'O
Koa¢duiMeHTa (MM OPYTMMU CJIOBaMu, 6e3pa3MepHOro
napametpa tepmossizkocty (du/dT)/(u/T), XapakTepusy-
01LleTO MHTEHCUBHOCTb M3MeHEeHMS BSI3KOCTH C TIOBbIIIIe-
HMEeM TeMIlepaTypbl), a TaKXXe OT IapaMeTpa, Omnpeesi-
I011I€eT0 COOTHOIIIeHMe 3aBUCUMOCTY IUPUHBI KOJIb1I€BOTO
KaHaJia OT paguyca BHyTpeHHel HWINHAPUUECKOl ToBepX-
HOCTU. YCTAHOBJIEHO, UTO C yBeJIMUeHMeM napamMeTpa OT-
HOCUTEeNbHO IMPUHBI KaHala 3HaueHue KPUTUUECKOTO
uucia PeliHonbaca M3MeHsIeTCSI HEMOHOTOHHO, a er0 MU-
HMMaJbHOEe 3HaUeHMe 3aBUCUT OT PeoJIOTUUECKMUX CBOMCTB
skuakocTu. [locsiegHee 06CTOSITENBCTBO MOXKET CITYKUTH TEO-
peTuyecKuM 000CHOBAaHMEM MIPOBEIEHNS ONITUMMU3AIIMOH-
HBIX PacyeToB MPU MOJEIMPOBAHUM TEXHOIOTUYECKUX TTPO-
11eCCOB. 3aBMCUMOCTb KPUTUUECKOTO uncia PeliHonbaca OT
rapamMeTpa TePMOBSI3KOCTY MMeeT BUI, OJM3KMi1 K yObIBAIO-
11ei SKCIIoHeHTe QYHKIIMY [IJIST BCEX PA3MepOB KOJbIIEBBIX
KaHasoB. [TocneqHMe TTOMydYeHHbIe aBTOpaMM HACTOSII e
paboThI Pe3yIbTaThI C UCHOIb30BAHMEM OCHOBHBIX MTPUH-
LIMITOB (JIaGO HEeJIMHETHOM TeopUy TUAPOAVHAMMIYECKOI
YCTOMYMBOCTY OITyOIMKOBAHBI B [7].

B Hacrosiiieit paboTe BBITIOMHEHBI KCIIEPUMEHTAITb-
Hble UCC/IeJOBaHMS YCTOMUMBOCTY TeUEeHMUS KUIKOCTU B
KOJIbLIEBOM KaHaJjle Ha OCHOBE 3KCIIEPMMEHTaIbHOI yCTa-
HOBKM, OIIMCAaHHON B CTaTbe aBTOPOB [8]. YcTaHOBKA Ha
IlaHHbI/1 MOMEHT BpeMeHU uMeeT (HopMy KObLeBOTo Ka-
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Haja, HO BO3MOXHa ee MOIU/I(bMKauM;[ IJISI pa3/IMYHbIX Tabnuua 1. IMHaMunyeckas BA3KOCTb BOAHOMO pacTBOpa nNponnnexH-
dbopm kaHasa. [TapameTp BSI3KOCTH SKUIKOCTU PEryIupy- ramnkons, Ma-c
€TCs OJ1s1 IIPOM3BOJIbHBIX TeIlJIOHOCUTeJIe U OT 3aJaHHbIX

IVarla30HOB TeMIlepaTyphl. JJaHHBII MOMEHT SIBJISIETCS Konuenrpauus, %
BaXXHBIM acTIeKTOM ITpy paspaborke cucrem Termooome- | 1,°C | 30% 46 % 60 % 100 %
Ha ¥ IPOMBILIJIEHHbIX KOHEHCaTOPOB. —38 - 0.025199 - -
0 - 0.014385 - -
2. Peonorunyeckme cBomcTea pabouen 10 - 0.008439 - -
XUAKOCTH 20 - 0.005383 - -
CBoiicTBa BOAbI XOPOIIIO M3YUEHbI U M3BECTHBI. s 25 | 0.002617 | 0.004465 | 0.007629 | 0.045044
6osee ITTyOOKOTO aHA/IM3a PEOIOTMYECKIUX XapaKTePUCTUK 30 - 0.00362 - -
TIPOTIVIUIEHITIVIKOISL ObLIY IPOBEAEHBI MU3MEPEHMST BI3KOCTH 40 - 0.002594 - -
B pas3JIMUHbBIX KOHIleHTparusax: 100 %, 60 %, 45 % u 30 % 50 - 0.001964 - -
npu Temmnepatype 25 °C. JIj1 onpefiesieHus TapaMeTpa Tep- 60 - 0.001627 - -
MOBSI3KOCTY BBITIOJIHEHbI [JeTa/IbHble U3MepPeHNUs BI3KOCTU 70 - 0.001261 - -
45%-ro BOOHOTO pacTBOpPa MPONWIEHIJIMKOJIS B TMara30He
Temreparyp ot —8 0 70 °C (rabn. 1). 2. 3aronHeHye CUCTeMbl — IOCIe YCIeLHOTO MIPUro-
Bce 1M3MepeHus OCYIIECTBISVINCD C UCTIONB30BAHM- TOBJIEHMS] PaCTBOPA BK/IIOUEH HACOC ISl 3aM0/THeHNs
€M pOTalMOHHOTO MOIYJIBHOTO BHICOKOTOUYHOI'O PEeOMeT- TpPY6bI BBIGPAHHBIMY PAGOUVMIL SKVIKOCTSIMIA.
pa Thermo Scientific HAAKE MARS III ¢ uHTerpmupo-
BAaHHOII 2JIEKTPOHUKO U 37IeKTPOMArHMTHBIMY KylallaHa- 3. BK/IIOYeHMe IPeIoLero KaGest M TepMOCTATOB — I10-
MM /711 TEPMOCTaTMPOBaHKs 1abopaTOpuy «JKCIepUMeH- CJ1e 3aI10JIHeHMS CUCTEeMBI JKMIKOCThIO BK/IIOUEHBI I'pe-
TajbHag rugpoauHaMmuka» iMex YOULL PAH. 3tor npu- I0IIMIT Kabesb U TepMocTaThl. I'perommii Kabenb mc-
60p MpenHa3sHaveH Il U3MEPEHWIi IMHAMMUYECKON BA3- TI0/Ib30BAJICA [JI1 HarpeBaHMs U NoAdepsKaHus oIpe-
KOCTM JKUAKOCTEI U MPOBEIeHMs PeOJIOrMUecKuX UCcie- IleJIeHHOJ TeMITePaTyphbl, 8 TEPMOCTAThl KOHTPOIMPO-
JOoBaHMi1. YMCTBI MTPONMMUIEHIIMKOIb IPY TeMIIepaType BaJIY ¥ PeTyAMpOBaIM IPOLiecc MoAorpesa.
25 °C umeert BsizkocTh 0,045 Ila-c, UYTO HpeBbIIIAeT BSI3-
KOCTb BOJIbI ITPU TOJi Ke TeMIiepaType B 45 pas. BaskocTb 0.05
pacTBopa MPOMWIEHIIVMKOIS HeJTMHEeTHO YMEeHbIIaeTCs C b
yBeJIMUeHMeM IPOLIEHTHOIO COMePsKaHMsI BOIbI, a TaKKe 2 004t i
YMEHbIIIAeTCs TIPY MTOBIIIEHNUM TeMITepaTyphl IT0 3aKOHY, =
6IM3KOMY K 9KCITOHEHIIMATbHOMY (pUC. 1). E 003 F .
[Tpu Temmeparype 20-25 °C BA3KOCTb YKa3aHHOTO pac- %
TBOpA MMPOIMUJIEHIIMKOJIS OKa3bIBaeTcs B 4,5-5,5 pas Bhlllle, 2 002 ]
4yeM BSI3KOCTb BOABI (pUC. 2). g 001 L |
Takum 06pa3oM ObLJIO MOTYUEHO 6oJiee MOTHOE Tpe/I- e
CTaBJIEHNE O PEOJIOTUYECKUX CBOMCTBAX MPOMMIEHTIUKOIIS 0! 1 1 1 1 1 1
IIPU pa3HbIX KOHLIEHTPpALMAX U TeMIlepaTypax. 30 40 50 60 70 8 90 100

Konnenrpanus, %
3. MeTtoauka npoBeaeHuUs 3KCNepuMeHTa
I KOHTpONS 3a CTPyeil KUIKOCTU B IIOTOKE MC- Puc. 1. 3aBUCMMOCTb AMHAMMYECKOM BA3KOCTU OT KOHLLEHTpaLMm
MO/b30BaH KpacsIiuii 37eMeHT — pacTBOp IepMaHraHaTa BOAHOTO pacTBoOpa NPONMEHIIMKONA
Kammst KMnOy.
Vcnionb3oBaHMe nepmMaHraHaTta Kajnusi B KauecTBe Kpa-

cuTenst 06YC/IOB/IEHO €r0 XMMUIECKMMM CBOJCTBAMM, KOTO- 0.025
pble 06eCTIeUMBAIOT XOPOIIYI0 PACTBOPUMOCTD, BUAVMMOCTD é 0.02
M Pa3IMUUMOCTD B TTOTOKE KUIKOCTHA. B
st ocylecTBIeHMs SKCIIepUMEeHTa B KauecTBe pabo- S 0015
YMX JKUIKOCTEN ObUIM BbIOPAaHBI Bosa U 45%-1i BOIHBIN pac- E
TBOP MPOMMIEHITTUKOS. [Ipollecc MOATOTOBKY K 9KCITepH- ; 0.01
MEHTY BKJIIOUAJI CJIeAYIOMIyie maru: g 0005
1. TTogroroBka 45%-ro BOOHOTO pacTBOpa IPOINMIEH- 0
IJIMKOJISI — B CIIEIMAIbHOM 604YKe GBI CMEIIaHbl OV - -10

CTUJIIUPOBAHHAS BOAA M UMCThIN MTPONMIEHTTINKOb.
OTU KOMITOHEHTBI ObLIM TINATEIbHO IepeMellaHbl,
YTOOBI JOCTUYD KeJIaeMOii KOHIeHTpauunu 45%-ro  Puc. 2. 3aBMCMMOCTb AMHAMUYECKOM BA3KOCTH 45%-T0 BOAHOTO pac-
BOJHOTO PacTBOpPa MPOIMIEHIJIMKOJIS. TBOpa NPOMUNEHTIMKONSA OT TEMNEPATYPbI
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4. TloproToBKa MOAKPALIeHHON XUAKOCTY — IJIS CO3/a-
HMS BU3YQJIbHO Pa3/IMUMMBbIX YCJIOBUI SKCITEPUMEH-
Ta MPUTOTOBJIEHBI TPU PA3JIMYHBIX TTOAKPaNIeHHbIX
pacTBOpa, KaXKIbIii M3 KOTOPBIX ITPEICTaBIISIET COOO0I
YHUKAaJbHbIN cOCTaB. [IepBbIil pacTBOP MOTYUYEH ITy-
TeM CMelIMBaHUS JUCTUIIMPOBAHHON BOJIbI C Tiep-
MaHraHaTOM Kanusl. ITOT BAapUaHT NOAKpalleHHOM
SKUAKOCTY MPeHoCTaBIsieT 6a30ByI0 OCHOBY /IS BU3Y-
QJILHOTO KOHTpacTa. BTOpoit pacTBOp COOEPKUT OU-
CTWIIMPOBAHHYIO BOLY, IPONUJIEHITIMKO/b U ITIepMaH-
raHaTt Kajus B KOHIIeHTpalluu, paBHOI KOHIIeHTpa-
Uy paboueit kuaAKOCTH. [loGaBIeHMe TPOITUIEHTTIN -
KOJISI BbIpaBHMBAET (QM3MUYECKYe CBOMCTBA U paCIIups-
eT Auara3oH yCI0BUIT 9KCIIEPUMEHTA, UTO SIBISIETCS
B&KHBIM aCIIeKTOM /111 60Jiee OOIIMPHOTO aHaIM3a.
TpeTuit pacTBOp CO3[aH C UCMOAb30BaHMEM UMUCTOTO
MIPOTIMIEHIJIMKOJS Y TIepMaHTaHaTa Kanus. Takum 06-
pa3oM, MCII0Ib30BaHye pa3HOOOPa3HbIX MOAKPAIleH-
HbIX PACTBOPOB JIOTMOMHSIET METOAMKY 3KCIIepuMeHTa
JJISL JTydlilieli BU3YaJbHOM OL[€HKM M aHaIn3a.

Ilasiee MpUCTyIIaeM K IIPOBeIEHUIO SKCITepUMeHTa. B
€MKOCTb HaJIMBaeM 3apaHee MPUTOTOBIEHHbIN MOJKpaIleH-
HBIi PAaCTBOD, 3aTEM YCTaHABIMBAEM M HaCTpauBaeM Ka-
Mepy I AeTalbHOI 3amucy pe3ynbraToB. [locie aToro
OTKpPbIBaeM BEHTUJIb, IT0O3BOJISISA TIOAKPAIIEHHO KUIKOCTH
TOCTYIIaTh B OCHOBHOII ITOTOK. YUMTBIBAsI, UTO HAIIl HACOC
061amaeT HeCKOIbKMMM PEXXMMaMM CKOPOCTEI, MbI ITIPOBO-
VM VICCTIeIOBaHMe TIPY Pa3IMYHbIX 3apaHee BbIOPAHHBIX
CKOPOCTSIX TTOTOKA.

4. Pe3ynbTaTbl 3KCNEPUMEHTOB

CosnmaHHas 9KCIepUMeHTa/IbHAsT YCTaHOBKA MO3BOIN -
Jla TPOBECTU 3KCIIEPUMEHTAbHbIE UCCIENOBAHUS PEKU-
MOB TeUYeHWsI pacTBOpa MPONMUIEHIVIMKOIISI B KOIbLIEBOM
KaHaJie. BHyTpeHHSS IMIMHApHUYeckas Tpyba yCTaHOBKU
COOEP>KUT HarpeBaTe/JbHbIN 3jIeMeHT. [I/11 MUMHUMMU3aLun
BJIMSIHUSI KOHBEKTUBHBIX IOTOKOB T10J1asl UTJIa, yepe3 KOTo-
pyIo IoJiaBaaach MOoAKpalleHHas XXUAKOCTh, pacrnosaraiach
B HIDKHEI 4aCTy KOJIbLIeBOTO KaHajia. BHavase skcriepu-
MEHTBI MPOBOAMJINCH CO CTaHAAPTHOM MEeAULIMHCKO U0
CO CKOIIIEHHBIM CPe30M.

[Ipr [OCTAaTOYHO MaIbIX PaCcXO4ax >KUAKOCTU IIpU
3HaueHMsIx ymcaa PeliHonbaca paBHoro Re = 1000 moTok
UMeeT SIpKO BbIpaXKeHHbI JIAMUHAPHBIN PEXUM TeueHUs
(puc. 3(a)). OmHaKo, Py 3TOM TeueHue, 00pasyloleecs Mpu
o6TeKaHMUM HarpeToi UVMIMHAPUYECKOI ITOBEPXHOCTH, CII0-
COOGCTBYET UCKPUBJIEHUIO (POPMBI CTPYH, KOTOPAsi, B UTOTE,
YCTpeMIJISIeTCST BBEPX.

Haumuass co 3HaueHuit uuciaa  PeliHosnbaca
Re=1800 Ha [OAHHON YyCTaHOBKE  HaGIIOOAINChH
pasBuBalomyecs Bosmyiienust (puc. 3(b), 3(c)).

[TpoBeneHMe BKCIIEPUMEHTOB C TMPSIMBIM Cpe30M
MPOAEeMOHCTPUPOBAIM AHAJOTUUHYI0 KapTUHY Teyve-
Huit (puc. 4). Heb6onbIoe oTaMume COCTOSIIO UMb B TOM,
yTo hopMa CTPYyM UCKPUBIISLIIACH 3HAUUTEIHHO MEHbIIIE.
st cpaBHeHUs MpuBeOeHbl GoTorpadum sKCrepuMeH-
TOB I10 BU3yaJM3aly MOTOKA BOJbI C TIOMOIIbIO MOJAYUN

Y T ————

’

Puc. 3. MNoBeneHue cTpyw noakpalleHHoM BoAbl B noToke 45%-ro
pacTBopa NPOMUAEHIINKONS (MFN1A CO CKOLLEHHBIM Cpe30oM)
npudT = 0 °C: (a) Re = 1000, (b) Re = 1800, (c) Re = 2300

Puc. 4. MoBeneHne cTpyv noakpalleHHol BoAbl B noToke 45%-ro
pacTBOpa NPOMUNEHIIUKONS (MINa C MPSAMbIM CPE3OM) NpU
dT = 0 °C: (a) Re = 1000, (b) Re = 1800, (c) Re = 2400
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Puc. 5. MoseneHune cTpyu nofKpalleHHOM BOAbI B MOTOKE BOAbI (Ur-
na co ckoweHHbIiM cpe3om) npn dT = 0 °C: (a) Re = 1000,
(b) Re = 1800, (c) Re = 2400

Puc. 6. MoBeneHWe cTpyu NOAKPALIEHHOTO NPOMNUAEHTTUKONS B MO-
Toke 45%-ro pacTBopa NponuAeHrMKons (Mrna ¢ NpsMbiM
cpesoM) npu Re = 1500: (a) dT = 0 °C, (b) dT =5 °C

Puc. 7. Mosenexune cTpyu noaKpalleHHOro NponuAeHrINKoNs B no-
ToKe 45%-ro pactBopa NPONUAEHIAIMKONS (UFNa C MPSIMbIM
cpe3om) npu Re = 1600: (@) dT = 0 °C, (b) dT =5 °C

MoJIKpalleHHO Boabl (puc. 5). VIHTepecHO, UTO B 3TOM CIIy-
yae CTpys NOOKPALIeHHON XUAKOCTY IIPYU TaMVHAapHOM Te-
YeHMM OTKJIOHSIACh BHU3.

Busyanusauyum KapTuHbI TeUeHUS pacTBOPa MPOINJIeH-
[JIMKOJISL C IOMOILIBIO NTOAKPALIeHHOIO pacTBOpa TOro ke
BellleCTBa [IPOBOAM/IACH IIPY PA3IMYHbIX 3HAYEHMIX YMCiIa
Peitnonbaca paBHbIx 1500 (puc. 6) u 1600 (puc. 7). B uso-
TepMMUYECKOM CJTyyae Ipu 060Mx 3HaUeHUsIx ymcia Re Ha-
6/I0IaeTCs KAPTUHA JITAMUHAPHOTO TeUEeHMs, a 3afjaHe rpa-
IMEeHTa TeMITepaTyp IPUBOIUT K TypOYIM3aIMi MOTOKA.

Ha puc. 8 npusenens! Qororpadpuueckue m13o6pa-
SKeHMS 3BOJIIOLMM BUXPEBBIX CTPYKTYDP IOAKpAIIeHHOM
CTPpyM pacTBOpa MNPONWIEHIJIMKONSL B IOTOKE TOTO 3Ke
cocraBa Bpanu oT urael npu Re=1800 B oTcyTcTBUM
rpajgyieHTa TeMieparyp.

5. 3aknrwueHue

C moMoIIbI0 9KCIIEPUMEHTATBHBIX TaHHBIX ITOKA3aHO,
YTO Iepemnaj TeMrepaTyp Mexxay CTeHKaMy KaHaja BiauseT
Ha KpUTHYECKoe Yncio PeitHOMbCa, MOCKOIBKY BSI3KOCTh
SKUIKOCTU 3aBUCUT OT TeMIiepaTypsl. [Ipu oTCyTCTBUM Ipa-
IMeHTa TEMIIEPATYP Pa3BUBAIOIIMECS BO3MYIIEHNMS HabII0-
manmuch HaumHas ¢ Re = 1800. Busyanusauuy KapTUHBI Te-
YeHMs pacTBOpa MPOMUIEHTIMKOJS ¢ TOMOIIbIO TTOJIKpa-
1IIEHHOTO pPacTBOpa TOTO >Ke BellleCcTBa IIPOBOAMIACh ITPU
3HaueHusIx umcia PeitHonbaca Re = 1500 u 1600. B usoTep-
MMUYECKOM CJTydae Ipy 060X 3HaUeHMsIX uncia Re Habi0-
Jlajiach KapTMHA JIJaMMHApPHOTO TeUeHMs, a 3aJiaHue rpajiu-
eHTa TeMIIepaTyp MpuBeja K Typ6yn1usanmum moToKa.

[MoyyeHHOE B HACTOSIIEH paboTe IMOTHOE MTPeICTaB-
JIeH/e O PeoJIOTMYeCcKUX CBOVCTBAxX IPOMMUIEHIVIMKOIIS
MPY pa3HbIX KOHIIEHTPALMSIX U TeMIlepaTypax I03BOUT B
IaybHeJIIeM IPoBecT 6ojee HeTaabHble UCCIeTOBaHMS
TUAPOAVMHAMUYECKON YCTOMUNBOCTU TeUEHUS TEPMOBSI3-
KO SKMIKOCTY B 3aBUCUMOCTH OT APYTUX DU3NUECKUX U

Puc. 8. OBontoumns BUXpEBbIX CTPYKTYp CTPyM MNOAKPALIEHHOro
45%-ro pactBopa NPOMNWIEHINIUKONS B NOTOKE pacTBopa
45%-ro nponuneHrnukons Baanu ot urnel npu Re = 1800,
dT =0°C
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reoMeTpu4yeCcKuxX rmapaMeTpOB CUCTEMbI, B TOM UMCJie OT
OTHOCUTEIbHOJ IMPUHBI KOJIbIIEBOrO KaHasa (OTHOIIe-
HMS IIVPUHBI KOJIBIIEBOTO KaHaja K pagnycy ero BHYTPeH-
Hel UWIMHAPUYECKON MOBEPXHOCTH). Takue ucciegoBaHus
TPeOYIOT MPUMEHEHMS] JOTIOJIHUTETbHOTO TOPOrOCTOSIIe-
ro 060pynoBaHMsI, B YaCTHOCTHM, 60jiee MOIIHBIX Hacoca
M ICTOYHMKA SHEPIUN.
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ConocTraBneHMne YNC/IEeHHbIX peanusaumn MeToaa Kesaapartyp
peweHns UHTErpasbHOro ypaBHeHuUs

D.A. TyKMaKOBlz
MMM KasHL, PAH, Ka3aHb

E-mail: tukmakovda@imm.knc.ru

MHTerpanbHble ypaBHeHMS BCTPEYAKOTCS B Pa3NnyHbIX pasgenax GU3nku — B aKyCTUKe, Teopum GunbTpaumii, anekTpodusnke, MexaHuke
TBepAoro nedopMupyemoro Tena. MHTerpanbHble ypaBHeHWs OpearonbMa MoryT 6biTb MPUMEHEHbI 47151 MAaTeEMaTUUYECKOro OMUCAHUS NPOLECcCoB
U3/y4YEHUS U PacCesHUst 3BYKOBbIX BOMH. YacTo OTbICKaHME TOYHOIO aHaNUTUYECKOTO PeLleHUst MHTErpasibHbIX YPaBHEHWI NpeacTaBnseT-
€S 3aTPYAHUTENbHBIM, B CBA3M C YEM A/ PELLUEHUS TakUX YPaBHEHUI MPUMEHSIOTCS YMCNEHHble MeToabl. HacToswas pabota nocesweHa
QHanM3y anropuTMOB YUCIEHHOTO peLleHus UHTerpanbHoro ypasHeHus ®MpearonbMa BTOporo poaa. B pabote npencrasneHbl pesynbraTbl
peanusaumm HeKOTOPbIX aArOPUTMOB YMCIEHHOIO MEeTOAA KBafpaTyp PeLleHns MHTerpanbHbiX ypaBHeHWA. MeTo KBaapaTyp CBOAMT pelue-
HWE UHTErpanbHOrO YPABHEHUS K PELUEHUI0 CUCTEMbI IMHEWHbIX anrebpanyeckmx ypaBHEHUM, KOTOPOE MOXHO Peann30BaTh PasiMyHbIMU
cnocob6amu. Beibop kBagpaTypHoit GpopMynbl MpeanonaraeTcs Npou3Bo/bHbIM, B paCCMaTPMBAEMOM UCC/IEA0BaHWM B KayecTBe KBaapa-
TypHOI dopMynbl npuMeHanack Gopmyna Tpaneuumid. MNpu cBefAeHUU UHTErPanbHOIO YPAaBHEHUS K CUCTEME JIMHEMHBIX anrebpanyeckux
YPaBHEHU TakxXe cylecTsyeT cBob6oaa B BbibOpe MeToAa pelleHuns TMHENHbIX ypaBHeHW. [Ing pelweHns cuctemMa IMHEeMHbIX YpaBHEHUM
npUMeHsannch MeTof faycca, MeToA «NPOCTbIX UTEPaLMIA» U UTEPALIMOHHLIA MeTog, Akobu. MiccnenoBaHue CBOMCTB MHTErpasbHOrO YpaBHEHUS
MoKasbIBaeT, YTO AP0 MHTErpasbHOro onepartopa yAOBMETBOPSET CBOWCTBAM, NPU KOTOPbIX MHTErPasbHbIA ONepaTop ABNSETCS OKUMa-
IOLLMM OMEPATOPOM W, CIeA0BATENbHO, UHTErPAZIbHOE YpaBHEHWE UMEET eAUHCTBEHHOE pelueHne. ConoCTaBneHWEe YNCIEHHbIX pacyeToB
LNS Pa3/IMYHbIX METOAMK PELUEHUS CUCTEMBI JIMHEMHbIX YPABHEHWUIA LIEMOHCTPUPYET, YTO MeTof, IKOBU pelleHns CUCTEMbI IMHEWHbIX an-
rebpanyecknx ypaBHEHUA CXOAMTCA K TOYHOMY PeLleHUI0 CYLecTBeHHO BbicTpee MeToAa «MpoCTbiX UTepaumin». MNonyyeHHble pesynbTaThl
BO3MOXHO MPUMEHUTbL NMpU pa3paboTke anropuTMOB peELUEHUS UHTErpasbHbIX YPaBHEHWIA.

KntoueBble cnoBa: MHTerpanbHble ypaBHEHWs, METOA KBAAPaTyp, CUCTEMA JIMHEMHbBIX YPaBHEHWIA

Pabota BbiNonHEHa B paMKax rocyAapcTBeHHOro 3aaaHus MenepanbHOro MCCNeoBaTenbCKoro LeHTpa KasaHckoro Hay4yHoro
LeHTpa Poccuickor akafemMmnm Hayk.

Comparison of numerical implementations of the quadrature method
for solving an integral equation

D.A. Tukmakov™?
IME KazSC RAS, Kazan, Russia

E-mail: tukmakovda@imm.knc.ru

Integral equations are encountered in various sections of physics — in acoustics, filtration theory, in electrophysics, in mechanics of solid
deformable bodies. Fredholm integral equations can be used for mathematical description of processes of radiation and scattering of sound
waves. Often finding an exact analytical solution to integral equations seems difficult, in connection with which numerical methods are used
to solve such equations. This work is devoted to the analysis of algorithms for the numerical solution of the Fredholm integral equation of
the second kind. The paper presents the results of the implementation of some algorithms for the numerical quadrature method for solving
integral equations. The quadrature method reduces the solution of the integral equation to the solution of a system of linear algebraic
equations, which can be implemented in various ways. The choice of the quadrature formula is assumed to be arbitrary; in the study under
consideration, the trapezoid formula was used as a quadrature formula. When reducing an integral equation to a system of linear algebraic
equations, there is also arbitrariness in the choice of the method for solving linear equations. To solve the system of linear equations, the
Gauss method, the method of simple iterations and the iterative Jacobi method were used. The study of the properties of the integral equation
shows that the kernel of the integral operator satisfies the properties under which the integral operator is a contracting operator and,
therefore, the integral equation has a unique solution. Comparison of numerical calculations for various methods of solving a system of linear
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equations demonstrates that the Jacobi method for solving a system of linear algebraic equations converges to an exact solution significantly
faster than the method of simple iterations. The results obtained can be used in developing algorithms for solving integral equations.

Keywords: integral equations, quadrature method, system of linear equations

1. BBepeHue

151 MaTeMaTU4eCckoro MOZA,eJIMpOBaHys IPOLeCCOB Me-
XaHUKU SKUJIKOCTYU U Ta3a MPUMeHSII0TCs Kak nuddepeHin-
asbHble [1-6] Tak ¥ MHTerpaJbHble YypaBHeHus [7—-12]. B
pabore [7] mpencTaBieHa MaTeMaTUYeCKast MOAENb IBYX-
(asHoiT bunbTpaLVM B IOPUCTOJ Cpesle, OCHOBAHHAST Ha
pelieHMUM UHTETpO-IuddepeHIaATBEHOTO ypaBHeHMsI. B cTa-
The [8] npexncrasied 0630p paboT MO TeoOpeTUIeCKUM MeTO-
JlaM pellleHusI 3a/1au paccestHUs aKyCTUUeCKMUX BOJIH Ha cde-
pax 1 no onpeAeneHnI0 OCHOBHBIX XapaKTePUCTUK AaHHOTO
siByieHusI. B [9] pa3paboTaHbl METOIbI UMCIEHHOTO PEIIeHNS
MIPOCTPAHCTBEHHBIX 3a7a4 AMGPaKIMM CTAlMOHAPHBIX aKy-
CTMYECKMX BOJIH B CpefiaxX C BKIIIOUEHMSIMU B TPEXMEPHOM
rocraHoBke. B uccenemosauny [10] paccmaTpuBaeTcs pa3Bu-
TV TeOPUU aHATUTUIECKUX METOMIOB pellleHNsI UHTerpasib-
HbBIX YPaBHEHMI1 NPUMEHUTENbHO K Pa3IMYHbIM 3aJauaMu
¢usuku. B pabore [11] mpepjiaraeTcst pa3BUTHE METOIOB
pellleHMs] MHTeTrpalbHbIX YPaBHEHMI TIPUMEHSIOIINXCS B
Pa3JIMUHBIX MHXXEHEePHBIX obnacTsax. B MoHorpadum [12]
U3JI0KEHO TIPMMeHeHMe MHTerpaIbHbIX YPaBHEHUI IPU pe-
LIEeHUY Pa3IUIHbIX 3a[1a4a aKyCTUKMA.

V3 aHanm3a paboT M0 TeMaTHUKe MHTErPaIbHBIX ypaB-
HeHUI! ClefyeT, YTO pa3BUBAIOTCS KaK IPWIOKEHUS TeOpUU
MHTETPaJIbHbIX YPaBHEHMUI1 JJ151 MOLENVPOBAHUS pa3ing-
HbIX GU3MUECKUX TTPOIIECCOB, TaK ¥ COBEPIIIEHCTBOBaHME
MEeTOO0B pelIeHs] MHTETPaIbHbIX YPaBHEHUIA.

WNHTerpanbpHble ypaBHeHMS Ppearoabma BTOPOTO po-
Jla UMEIOT BaKHOe 3HaueHue JJ1s1 ONMCaHUS U3JTyYeHUs U
paccestHUSI aKyCcTU4YecKux BosH [12]. B HacTosmeit pa6o-
Te aHaIMU3MPYeTCs IPMMeHeHMe PaslInYHbIX aITOPUTMOB
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I peanm3alnyy MeToAa KBaZpaTyp UMCIAEHHOIO pelie-
HMS MHTErpajabHOro ypasHeHus1 @pearosbma BTOPOro po-
Ila, MCCenyeTcs BIUsSIHME BbIOOpa METOA PellleHNs CUCTe-
MBI JIMHEJHbIX YpaBHEHUI, ITOTyYaeMOil MeTO0M KBaJl-
paTyp, Ha CKOPOCTb CXOAMMOCTY UUCIEHHOIO pelleHMs
MHTErpaJibHOTO YPaBHEHMSI.

2. MeToabl UccnenoBaHUa

NuTerpanbHoe ypaBHeHMe @pearonbma BTOPOro poja
umeert Buz, [13, 14]:

b
y(x) 4 [ K(xs)y(s)ds = £(x) M
C 3BHAYEeHUSIMU d)YHKL[I/II/I " BEJIMUNH:
a=0,b=mxn A=01,
@)

K(xs) = (1+sin2(x+5)), f(x) = cos(x).

Euom png xosdbduimeHnTa A BBINOMHSIETCS YCIOBME
A< ((b—a)-M)~![14], TO B TakOM CJTy4ae CyIeCTBYeT
pellleHyie MHTEeTPaJIbHOTO YpaBHEHMSI, K KOTOPOMY BO3MOK-
HO OpraHM30BaTh CXONSIIMIACS UTepalMOHHBIN MpoILiecc.
3mece M = max |K(x,s)|;x,s € [a,b], nnst ypaBHenus (1) ¢
napameTpamu (2) 9TU 3HaUE€HMS COCTAB/ISIIOT COOTBETCTBEH-
HO —M =1, A < 1/x. IByXmMepHOe paclipefejieHne Bejln-
yMHbI QYHKIMY SIApa MHTErpaabHOTOo onepaTopa (puc. 1)
JOCTUTaeT MakCMMaabHOTO 3HaUeHuss —M = 1, Aj1s ceue-
Hust K(7t/2, x) MaKCUMYyM OOCTUTAeTCs B TOUke x = it/ 2.

0.9
0.8
0.7
0.6
X, pan

0.5 T T T T T T
0.0 3.0

6)

Puc. 1. MpocTpaHcTBEHHbIE pacrpeAeneHns: 3Ha4YeHWii SApa MHTerpanbHOro onepaTopa (a); BAOAb cevyeHuns x = it/2 (6)
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Jly1s yyiciieHHOrO penteHus ypaBHeHu (1) ¢ mapamer-
pamu (2) mpuMeHsieTcs MeToZ, KBaaparyp [13], cBoasimmii
pellleHyie MHTErPaJIbHOTO YPAaBHEHMSI K PEIIeHNIO CUCTEeMbI
JIMHEIHBIX ajirebpanyeckKux ypaBHEeHMIA:

n

y(xi) +1)_pj-Kijyj = f(x). (3)
1

3necb K; j = K(x;j,xj),x; = (i —1)-h,h = (b —a)/n; ceTou-
HOe pasbueHue IPeAIo/araloch PABHOMEPHBIM; p; — Beca
KBaZpaTypHoIt dopmyibl. B KauecTBe KBagpaTypHOIt dop-
MYJIbI BbIOpaHa hopmysia Tpanenyii [15], mpu paBHOMepHOM
pasbyMeHMy OTpe3Ka Beca KBaapaTypHOii GOpMYIIbI Tpare-
LIV OTIPeAeSIIOTCS CefyIoIM 00pasoM: p1 = p, = h/2,
pi = 1/h. 1151 pelieHns 3 IpuMeHsIUCh MeTog, [aycca, Me-
TOJ, <IIPOCTBIX UTepauuii» u Metox SIko6u [16]. UncieHHbIe
aJIrOPUTMBbI peasn30BbIBAIUCH B BUJe IIPOTPaMMHOI0 Kozia
Ha $s13bIKe IIporpamMmmupoBanus Fortran.

3. Pe3ynbTathbl pacyeToB

[Tpu yBenmueHUN ymciia y3710B KBaipaTypHOit hopmy-
JIbI HAO/TIOaeTCSI CXOOMMOCTD YMCJIEHHOTO PellleHMs MHTe-
IrpajibHOTO ypaBHeHUS (pUC. 2).

Pe3yibTaThl IPMMEHEHUSI METOMa «IIPOCThIX UTepa-
LIM» JeMOHCTPUPYIOT, UTO, HaUMHAS C KOJIMUECTBA IIaroB
m = 20, pacueThbl MICKOMO¥ QYHKIMM OU3KA (puc. 3).

B cnyuae, ecnut cuctema TMHEMHBIX YpaBHEHUI MHTe-
rpUpyeTcst MeToIOM SIko6H, TO, yyKe HauMHASI C BeTMIVHBI
m = 3, pe3yabTaThl pacueToB 6u3Ku (puc. 4).

ComocTaBjieHe pe3y/lIbTaTOB PaCUeTOB, [OTYUYEeHHbIX
METOJOM «IIPOCTBIX UTEPALMiT» ¥ MeTOLOM SIKOOM, TeMOH-
CTPUPYET GOJBIIYI0 CKOPOCTh CXOAMMOCTY IIPY IPUMeHe-
HuM Metoma IAxkobu (puc. 5(a),(6)).

4. 3akawueHue

[IpencraBieHbl pe3yabTaThl paCIeTOB PA3/IMUHBIX De-
anM3aluuii YMCIeHHOTO MeTOLa KBaJpaTyp pelleHus] UH-
TerpaabHOro ypasHeHus1 ®penronbma Broporo poza. Co-
TOCTaBJ/IeHle aJITOPUTMOB pellleHMs] CUCTeMBbI JIMHeMHBIX
ypaBHeHMI1, ITo/lyyaeMoli B pe3y/ibTaTe peanmsaluy Ynuc-
JIEHHOTO MeTOoJa KBaApaTyp, IeMOHCTPUPYET, UTO UNUC/IeH-
HOe pelleHre MeToaoM IKo6u cXOmUTCs GbICTPee K TOUHO-
MY pellleHUIO0 CUCTEMBI JIMHEVHBIX YPaBHEHUIA, OTIpeesie-
MOMYy MeTozoM ['aycca, ueM 4KucieHHOe peleHe METOLOM
«IIPOCTBIX UTepaluii». BoisiBIeHHble 3aKOHOMEPHOCTH BO3-
MOJKHO MPUMEHSITh IIPU pean3aluy MeTona KBagpaTyp
peleHMs] MHTErPaJbHbIX YPAaBHEHMIT B Pa3/IMUHBIX IIPU-
KJIaAHbIX 3aJayax, B TOM YMCIe B 3afadyax M3aydyeHus U
pacnopocTpaHeHMs] 3BYKOBBIX BOJIH.

Puc. 2. Pe3ynbTaTthl pacyeToB CXOAMMOCTU peLUeHUs MOSTy4YeHHO-
ro MeToAoMm laycca Ang pasnnyHbIX 3HAYEHWUI KOIMYeCTBa
Y3N10B KBaApaTypHOM GopMynbl Tpaneumii

y

0.0 0.5 1.0 15 2.0 25 3.0 x, pang

Puc. 3. Pe3ynbTaTbl pac4eToB CXOAMMOCTU peLIeHUs, MOY4EHHOrO
METOA0M «NPOCTbIX UTEPALMIA®, A8 3HAYEHUS KONMYECTBA
y310B KBaApaTypHoi dopMmynbl Tpaneumn n = 40

0.0 0.5 1.0 1.5 2.0 2.5

3.0 X, pan

Puc. 4. Pe3ynbTaTthl pacyeToB CXOAMMOCTU PELLIEHUS MONYYEHHOIO
MeToAoM SkobuM Ans 3HaYeHMs KONMYeCTBa Y3/10B KBajpa-
TypHOM1 popmynbl Tpaneuni n = 40
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1.0

0.5

0.0

—METOJT Faycca

-0.5 7 METOJI IIPOCTHIX UTeparmii, m=4
meton SIkobu, m=4
-1.0 T T T T T T
0.0 0.5 1.0 1.5 2.0 25 3.0 x, pana

a)

0.51

0.0+

-0.5

e \eT0]] [aycea

MeTOJ| IPOCTBIX UTepanuii, m=10

meTon SIkobu, m=4

-1 0 T T T T
0.0 0.5 1.0 15 2.0 25 3.0

6)

Puc. 5. CpaBHeHMEe MeTOAA «MPOCTbIX UTEPALIMI» C METOAOM KOOW: METOA «MPOCTbIX UTepaLuit» m = 4 (a); METOA «MPOCTbIX UTEpaLUii»

m = 10 (6)
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0630p nccnenoBaHMiM passIUMHbIX peXUMOB POpPMUPOBaAHUSA
3KCTpEeMasibHO PacCLUMPAOLUXCA CTPYH KPUOTEHHbIX XXUAKOCTEeH

P.X. BonotHoBa™, 3.A. MaiisynnuHa
UHcTuTyT MexaHuku um. P.P. MaentotoBa YOUL, PAH, Yda

E-mail: bolotnova@anrb.ru

B HacToswwei 0630pHOI paboTe paccMaTpUBAOTCS UCCNEA0BAHMS, CBA3aHHbIE C SKCMEPUMEHTANIbHBIM U TEOPETUYECKUM U3YUYEHUSAMU NPOLLECCOB
(hOpMUPOBAHUS SKCTPEMANbHO PACLIMPSIOWMXCS CTPYMA KPUOTEHHbIX XXUMAKOCTEN NMPU pachblieHUM U3 TOHKOTO LMIMHAPUYECKOro KaHana B
BaKYYyMHYI0 Kamepy, 06yC/I0BNEHHbIX B3PbIBHbIM BCKUMAHWEM M NOBbIWEHWEM JaBNEHMUS 33 CYET JIJABUHHOTO pOCTa MUMKPOMY3bIpbKOB Napa
¢ GopMMpOBaHMEM MENTIKOAMCNEPCHbIX Kanesb C 60/bLMM YIIOM packpbiTns GopMupytoLLencs cTpyn. AKTYanbHOCTb TaKMX UCCNEN0BAHNUM
cnepyeT U3 BaXKHOCTM NpobnieMbl 3aLLMTbl OKPYXatoLLei cpeabl Ans obecneyeHns 6€30NacHOCTM OCBOEHMS KOCMUYECKOro NPOCTPaHCTBA U
HanpasneHbl Ha LOCTMXKEHUE HAAEXHOCTU PYHKLIMOHUPOBAHUS, 3PGEKTUBHOCTU U CHUKEHWUS CTOMMOCTM ABUraTenei KOCMUYECKUX anmnapaTos,
ncnonb3yowmx 6e3onacHble TONAMBHbIE 3/1EMEHTbI, Takue Kak KOMBUHALMS XUAKOro KUCI0pPOAa M BOAOPOAA Unu MeTaHa. BaxHocTb aHanum3a
pacnpeneneHus B BaKyyMHOM KaMepe da3 dnouaa, AMaMeTpa, KOHLEHTpauunM M TemnepaTtypbl MUKpOKanenb COCTOMT B OnpeaesneHun
ONTUMaNbHBIX PEXUMOB, NPUBOAALLMX B AANIbHENLLEM K YCMELIHOMY BOCMIAMEHEHWIO C LieNblo MHTEHCUDUKALMM PEAKTUBHOM TAMM PAaKETHOTO
Asuratens. HayyHas HOBM3HA 3aK/1H04AETCS B OPUTMHANbHOCTU NpeafiaraeMblX NOAXOA0B NPU TEOPETUYECKOM M YUCIEHHOM UCCNef0BaHuK
0603HayYeHHOM Npo6ieMbl Ha OCHOBE pa3paboTkM MPOCTPAHCTBEHHbIX MoAeNnet MHOrodasHow ra3o- NapoXuAKOCTHOM Cpefbl, 0CHOBAHHbIX
Ha 3aKOHaX COXPaHEHMUsI MaCCbl, UMMYNbCA U SHEPTUM KaXA0M da3bl B COOTBETCTBMM C OAHO- UM IBYXCKOPOCTHBIM, ABYXTEMNEPATYPHbIM
NpuBIMKEHUAMU B TPEXMEPHOM NOCTAHOBKE C YYETOM MeX(Ma3HOro CONpPOTUBEHUS, KOHTAKTHOTO TeNn00bMeHa U SHepro- U MacCoOBMeHHbIX
NpoLLeCcCOB MCMApeHNUs U KOHAeHCaumK. [1ng onMcaHms TepMoaMHaMUYEeCKUX CBOMCTB M3Y4aeMOW KPUOTEHHOW XMAKOCTU BAXKHO NOCTPOEHUe
LUMPOKOAMANA3ZOHHbIX YPAaBHEHUI COCTOSHMUS XMAKOCTM U Napa B aHanuTuyeckon dopme. MpoBeneHne YNCAEeHHbIX UCCNef0BaHWUI 3BOMOLMM
$OopMbI U CTPYKTYPbl GOPMUPYIOLLEAC NAPOXMAKOCTHOM BCKMUMNAOLLENA KPUOTEHHOW CTPYM HAanpaBfieHO Ha NoNyvyeHue aetanbHoln nHdopMaumum
no usyyaemoui npobneme u MOXeT HbITb MCMONB30BAHO B BUAE PEKOMEHAALMI Npy pa3paboTke Manbix pakeTHbIX ABUraTenei u yCcTponcTs,
paboTaloLmMx Ha peakTUBHOM TAre B YC/IOBUSIX BaKyyMHOM aTMocdepbl M KPUOreHHbIX Temreparyp.

Kntouesble cnoea: popM1pOBaHME PACLUMPSIIOLUMXCS CTPYH KPUOTEHHBIX XXMAKOCTEMN, IKCMEPUMEHTANIbHOE, TEOPETUYECKOE M YUCTIEHHOE MC-
CnefoBaHus

Pabota BbinoNHEHa B paMKax rocynapcrseHHoro 3aganms N2 124030400064-2 (FMRS-2024-0001).

Review of investigations for various modes formation of
extremely expanding cryogenic liquids jets

R.Kh. Bolotnova™, E.A. Faizullina
Mavlyutov Institute of Mechanics of UFRC RAS

E-mail: bolotnova@anrb.ru

The review considers of investigations related to the experimental and theoretical study of formation an extremely expanding jets of
cryogenic liquids when sprayed from a thin cylindrical channel into a vacuum chamber, caused by explosive boiling and pressure increase
due to the avalanche growth of vapor microbubbles with the formation of fine droplets with a large opening jet angle. The relevance of such
research follows from the importance of environmental protection for the safety of space exploration and is aimed at achieving reliable
operation, efficiency and cost reduction of spacecraft engines using safe fuel cells such as a combination of liquid oxygen and hydrogen or
methane. The importance of analyzing the distribution of fluid phases in a vacuum chamber, the diameter, concentration, and temperature of
microdroplets is to determine the optimal modes that lead to successful ignition in order to intensify the rocket engine’s thrust. The scientific
newness lies in the originality of the proposed approaches in the theoretical and numerical study of the designated problem based on the
development of spatial models of a multiphase gas-vapor-liquid medium based on the laws of conservation of mass, momentum and energy
of each phase in accordance with one- or two speeds and with two-temperature approach in a three-dimensional formulation, taking into
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account interfacial resistance, contact heat exchange and energy and mass exchange processes of evaporation and condensation. To describe
the thermodynamic properties of the cryogenic liquid under study, it is important to construct wide-range equations of state of liquid and
vapor in an analytical form. Numerical studies of the evolution of the shape and structure of an emerging vapor-liquid boiling cryogenic
jet are aimed at obtaining detailed information on the problem under study and can be used as recommendations for the development
of small rocket engines and devices powered by reactive thrust in a vacuum atmosphere and cryogenic temperatures.

Keywords: formation of expanding jets of cryogenic liquids, experimental, theoretical and numerical studies

1. TexHonorun ¢GOpMMUPOBaAHUA CTPYMHDIX
TeYeHun

Pa3paboTKa TeXHOJOT Ui KPMOTE€HHbIX IBUTATEJIEN IJIsT
PaKeTHO-KOCMUYECKMX OPOUTAIbHBIX MAHEBPOBBIX CYCTEM
Y MaJIopasMepHbIX (MUKPO-, HAHO-, IIMKO-) CITYTHUKOB CBSI-
3aHa C BO3PaCTAIOUIMM CIIPOCOM Ha YCUTYTU KOCMUYECKOT
CBSI3U, BelIaHMsI, Tlepeauy JaHHbIX, HAaBUTAIMM, MOHUTO-
puHra 3eMiiu 1 aTMmocdepsl B pexkuMe peasbHOTO BpeMeH!.
Borpocs! 6e30ITacHOCTH B 06JIaCTV KOCMMYECKOTO JBVIKE-
HMS UMEIOT MECTO IIPY BbIOOPE TOTIMBHBIX 3JIEMEHTOB IS
IBUTaTesel CITyTHUKOBBIX PAKET, B CBSI3U C 3TUM BO3HUKAET
HEeoOXOIMMOCTh 3aMeHbI TUITMUYHBIX TOKCUYHBIX TOTIIMB-
HbIX 5JIEMEHTOB Ha 6e30TacHbIe aHAIOTH, TAKMe KaK KOM-
OMHAIVS KUIKOTO KMCIOPOoa ¥ BOLOPOAa WM MeTaHa.

[TpuHIIMIT PabOTHI KPUOTEHHBIX JBUraTesel, paboTa-
IOIIMX B KOCMUYECKOM BaKyyMe, COCTOUT 13 HEeCKOJIbKMUX
craauit. Vi3HauabHO KPUOTeHHOe KUAKOe TOTIIMBO BITPbIC-
KMBaeTcs yepe3 TOHKMIA KaHaJl B peaKIMOHHYI0 KaMepy, U
3aIryckaeTcs MPoLecc pacibuieHMs Kak pe3yabTaT BHe3all-
HOT'O BCKUITAHVSI, UHULIMMPYEMbIN Pe3KUM MaJeHueM JaB-
JIEHMUS, YTO BBI3bIBAET 3aPOXKIEHNE MUKPOCKOTTMYECKHUX ITy-
3BIPHKOB T1apa, KOTOPbIe PACTYT B IleperpeToit sKUJKOCTU C
JaabHemM GopMUpPOBaHMEM ra30KameIbHO MeTKOINC-
TEePCHOI CMeCH, UTO IPUBOLUT K TTOBBIILIEHUIO TaBIeHUS
BHYTPU KaMepbl CTOPaHUS O JOCTVOKEHUSI PABHOBECHOTO
JlaBIeHMsI He3aJ0/Iro 10 BOCIUIaMeHeHMs], a 3aTeM uepe3
COILIO TIPOUCXOIUT BbIOPOC MPOAYKTOB cropaHus U Gop-
MMPOBaHMe SKCTPeMasbHO PaCHIMPSIIONIENCs: CTPyU U ee
pacnblieHne, IpUBOZsllee K peakTUBHOM Tsre.

Manopa3MepHble pakeTHble IBUTATENIN OpUEeHTaALUN
Ha CITyTHMKAaX, He co3matomue 6oJbIIoi TS, MHOTIA He
TPe6YIOT TOIIMBA: 3[EeCh TOCTATOYHO Ta3006pa3HOro a3ora,
TofaBaeMoro nof, faBaeHueM U3 pe3epByapa yepes3 COoIuio.
[ns uccnepoBaHust 0603HauUeHHBIX ITPobieM B paboTax [1,2]
(Rees et al., 2019) Ha UCTIBITATEIBHOM CTEH/IE TTPOBOIUIINCH
3KCIepuMeHTalbHbIe UCC/IeNOBAHMS TIeperpPeThiX KPUOTeH-
HBIX KMAKOCTe} Ha MpumMepe a30Ta, B KOTOPBIX C TTOMO-
b0 BHICOKOCKOPOCTHOJI TeHEBOJ IpadMKy ObLIM Opene-
JIeHbI KAPTUHBI U YIVIBI PACIIbUIEHMSI U TTOTyYeHa 3aBUCHK-
MOCTb CKOPOCTelt U JuaMeTpPOB Karesb OT YCIOBUIA BIIPbIC-
Ka. [lanibHeiilee sKCcIiepyMeHTabHOE M3yueHye BHe3aITHO-
T'O BCKUIIAHMS KMIKOTO a30Ta ObIJIO MPOIOJIKEHO B MCCITe-
moBaumsx [3] (Rees et al., 2020). OkcriepuMeHTaIbHbIE TaH-
Hble [1-3] (Rees et al., 2019), (Rees et al., 2020) obecreunBa-
10T BCeOObeMITIONTYIO 6a3y JaHHBIX JIJIS1 TPOBEPKU UMCIEH-
HbBIX Mofesiei U JaJbHeNIINX YMCTIeHHBIX 1CC/IeIOBaHMIA.

UncmeHHOe MOJIeTMPOBaHMe U UCCIeqoBaHMe Mpoiiec-
ca popMMUpOBaHUS IKCTPEMAIbHO PaCIINPSIONIEIiCs CTPYU

SKMIIKOTO a30Ta B BAKYYMHOM ITPOCTPAHCTBE MIPU ee PacIibl-
JIEHUU U3 TOHKOTO UMIMHIAPUYECKOTO KaHajia, COTPOBOK-
JlaroIerocst B3pbIBHBIM TOBBIIIEHVEM JaB/ieHMs B peaKiin-
OHHOIt Kamepe 3a cueT JIABUHHOT'O POCTa MUKPOITy3bIPHKOB
rapa B [eperpeTom >XUIKOM COCTOSTHMM, TPOBOAUTCS Ha OC-
HOBe MHOTO(a3HbIX MOJIe/ell ra30- MaposKMIKOCTHBIX CMe-
celf, YYUTHIBAIOUIMX HEPABHOBECHbIE MPOLIECChI UCTTapeHUs
¥ KOHJleHcauyu [4—8] c IpMBIIeYeHMeM COBpEMEHHBIX METO-
IIOB UMCI€HHO peannu3alyu co3gaBaeMoit Moaenu, a UMeH-
HO, pa3pabOTKM HOBBIX pelllaTelieii B Cpefie MPOrpaMMHOTO
komriuiekca OpenFOAM ¢ BO3MOXXHOCTBIO MOJeTMPOBaHMS
MHOTOMACIITaOHbIX BPEMEHHBIX ITPOLIECCOB BHE3AITHOTO
BCKMUIIAHMSI ¥ pacIblUIeHUs] KPMOTE€HHO KUIKOCTHU U Ghop-
MMPOBaHMS SKCTPeMaabHO PacIIUPSIONIErocs: CTPYHOTO
TeueHusI B BAKYYMHOI KaMepe, UTO MPeaCcTaBIsieT co60ii
BaKHYIO HAYYHYIO ITPo6IeMy, CBSI3aHHYIO C BOIIPOCAMM pa3-
paboTKM TEXHOMOTHI SKCILTyaTalMu ¥ 6e30TIaCHOCTU KPUO-
TeHHbIX ABUTATeIel I paKeTHO-KOCMUYECKUX OpOUTaIIb-
HBIX MAHEBPOBBIX CUCTEM U MaJOpa3MepHBIX CITyTHUKOB.

2. AKTyanbHOCTb 0603Ha4Y€HHOM Npo6aeMbI

B cBsi3u ¢ HacTOSMIMMU U OYyOyIIMMU ITPOOIeMaMu
3aIlUThI OKPYKAOIIEN cpenbl ¥ 6€30MaCHOCTY OCBOEHMSI
KOCMMYECKOTO ITPOCTPAHCTBA BeCchbMa aKTya/lbHbI Teope-
TUYECKMEe MCCIeI0BaHMs, HallpaBaeHHbIe Ha obecIieueHne
6e30mmacHOCTY GYHKIMOHUPOBAHMS, HAAEXKHOCTH, 3P dek-
TUBHOCTU U CHMKEHUS] CTOMMOCTMU JBUrareyieili KOCMMU-
YeCcKMX allliapaToB C MCIIOIb30BaHMEM TOIUIMBHBIX 3JIe-
MEHTOB, COCTOSIIIMX U3 CMecu 6e30ITaCHBIX KPUMOTeHHBIX
SKUIKUX TOTLIUB.

BripbicK Takoro poga KpMOTEHHBIX KUAKOCTEN B Ba-
KYYMHYI0 aTMocdepy KocMoca IIPUBOIUT K ITIEPETPETOMY
COCTOSIHMIO, KOTOpPOE COTIPOBOKAAETCSI CIIOHTAHHBIM pac-
MbIJIEHMEM M3-32 B3PbIBHOTO BCKUIIAHMUS U IOCTIKEHMEM
GOMBIINX CKOPOCTET UCTEUEHMSI CTPYU TTePErpeToit KUIKO-
CTY C BBICOKOJ4 CTeIIeHbI0 IleperpeBa, KOTopas pacibuIsieTcst
B Kamepe CropaHus 13-3a UCTIapeHUS ¥ TPOU3BOIUT MeJ-
KOIMCITIEPCHOE PacCITbl/IEHME C GOJIBIIUM YIJIOM PaCKPBITUS
¥ HeGOJBIIIMMM KaTlIsiMu. VicciemoBaHme pacrpeneieHus
B Kamepe cropanus ¢as dbaonga, AuamMeTpa, KOHIIEHTpa-
LIMU U TeMIlepaTypbl MUKpOKaIie/ib HalpaBjieHo Ha OIpe-
JlesieHye TapaMeTpOB J/18 MOCIeAYIOIIero yCreurHoro Boc-
IUIaMEHEHNST U MUHUMMU3AIUY Pa3pyIIUTEIbHbIX CKAUKOB
IaBJIEHUS C 11eJIbI0 MHTEeHCU(UKALMKY PeakKTUBHON TATU
paKkeTHOTO JBUTATEIS.

CJIOXKHOCTDb M BBICOKAsi CTOMMOCTb ITPOBEeHMsT IKC-
TepPUMEHTAbHBIX MCC/IeIOBAHMIA B TMarla30He KPUOTeH-
HBIX TeMIIepaTyp M BaKyyMHOI aTMocdepbl OrpaHUYMBaAET
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MoJTydeHne SKCIIepUMEeHTaIbHbIX TaHHBIX O KpUMOTEHHOM
BHE3alTHOM BCKUNAHUM, YTO CTUMYJIMPYET Pa3BUTHE allb-
TEPHATUBBI UMCIEHHBIX IMTOAXO0I0B B 3TOM HallPaBJI€HUN.

IIpu KOMITbIOTEPHO peann3aluy UCCIenyeMoii Ipo-
6/1eMbl TIPUMEHSIIOTCSI METOJbl UMCIEHHOTO MOJENINpPO-
BaHMSI BBICOKOM TOYHOCTU UM CKOPOCTU CXOAMMOCTU, OC-
HOBaHHbIEe Ha COBPEMEHHBIX CPeACTBaX, TaKMX KakK Ipo-
rpaMMHbIe TPoRyKThl ANSYS, rmakeT BbIYMCIUTENbHOM U/ -
pomuHamuku OpenFOAM, cpena pa3spaboTKy IPOrpaMm-
HOro obecrieueHus Lazarus u rpaduyeckue pemaKTOpPbI
GIMP u ParaView.

TecTupoBaHMe MOTYYEHHBIX Pe3yAbTaTOB TPOBOAUTCS
MyTeM CPaBHEHUSI C aHATUTUUECKUMU PelIeHUSIMU U IKCITe-
PUMEHT/IbHBIMU IUTEPATypHbIMU HaHHbIMU [1-3] (Rees
etal., 2019), (Rees et al., 2020) 110 B3pbIBHOMY BCKUIIaHMIO
eperpeToil KpMOTeHHOM XUAKOCTY Ha IIpUMepe a3oTa C
dbopmupoBaHMeM CTpyM B KaMepe, IOAAepKUBaoIeit naB-
JeHue GIU3KOE K BaKyyMy.

[Ipepgnaraemble A5 pelieHUS] pacCMaTpUBaeMOI Hayd-
HOV IPO6JIeMbI ITOAX0AbI 0COOEHHO BasKHbBI U aKTYaIbHBI,
TaK Kak MO3BOJISIIOT MOJIYYUTh peKOMeHAalMu Ipu paspa-
60TKe MaJIbIX paKeTHbIX IBUTATesIeli U YCTPOICTB, paboTa-
IOIIVX HA PeaKTUBHOM TSTe B YCIOBUSX BAKYYMHOI aTMO-
cdepbl ¥ KpUOTEHHBIX TEMITEPATYP.

3. CoBpeMeHHOe coCcTosiHue uccnenoBaHuUin

HccnenoBaHue npolecca BHE3aITHOTO BCKUITAHUS U UC-
TeUYeHMs Ta30- MaPOHACKIIIEHHBIX XUIKOCTeN 13 Tpyd U
ColIes1 HaXOOUT IMPOKOe IIPMMeHEeHMe B Pa3INYHbIX TEXHO-
JIOTMYEeCKUX MPOIleccax COBPEMeHHO SHepreTHKHu, HedTe-
ra3oBOJi IPOMBIIIJIEHHOCTY, a TaKXXe B paKeTHOI TEXHUKE.
AHanu3 TMHAMMKU CTPYH BCKUIIAIOUIUX XXUAKOCTeH Heob-
XOIUM TIpU pa3paboTKe U CO3IaHMUM PA3JIMIHbIX YCTPOICTB,
MHULIMMPYIOIIVX IIPOLLECCHI AJIS1 Pa3HbIX PEXXVMOB PacIlbl-
JIeHMSI KMAKOCTH. B rporecce BHE3aITHOIO BCKUITAHUS SKII -
KOCTb, HAXO[111A5CS [10[], BICOKMM [IaBJI€HMEM, BIIPBICKN-
BaeTcs B CpeLly uepe3 TOHKOe KOPOTKOe COTIO, IIe AaBiie-
HM€e HYDKe JaB/IeHNs] HaChIILeHs JXUAKOCTU. B Takux ycio-
BUSIX )KMIKOCTb UCIIBITHIBAET BHE3AMMHOE M3MeHeHMe da-
3bl, BBI3BAHHOE CTIOHTAHHBIM 3apPOsKI€HMEM OOJIbIIOTO KO-
JIM4eCcTBa MMKPOCKOIIMYECKMX Ty3bIPLKOB I1apa, KOTOpble
OBICTPO PACTYT U CAUBAIOTCS, UYTO IMIPUBOIUT K HIMPOKOMY
pPa36pbI3TMBAHUIO OYEHb METKUX Karesb.

Vcrionbp30BaHMe JXUIKOTO a30Ta B KauecTBe paboueii
SKUIKOCTY IIMPOKO IMPUMEHSIETCSI BO MHOTUX 00/1aCTsIX, Tpe-
6yI0IINX OXJIasKIeHMS] METOLOM PACIIbUIeHMS TP KPUOTEeH-
HOJI1 TeMIlepaType (KpMOTeHHbIe a3pOaMHAMUYECKUE TPY-
0Obl, OXJIaKIEHME CBEPXITPOBOASIIMX MarHuTOB: [9] (Xiufang
Liu et al., 2017). MeToauKu pacObUIEHUS KUIKOTO a30Ta
MIPUMEHSIIOTCS B MeOUIVHE TPV KPUOaGIIS LMY C BLICOKOTOY-
HBIM KOHTPOJIEM CKOPOCTHU U TeMIlepaTypsl B cucteme [10]
(Prashant Srivastava et al., 2020).

DJKCIIepyMeHTa/lIbHble UCCIef,0BaHMs 110 AMHAMUKe UC-
TeueHMsI BCKUTIAIONIEel KUIKOCTM PacCMOTpPeHbI B pabo-
Te [11] (Edwards A.R., O’Brien T.P., 1970).

B skcnepmMeHTax IO B3PBIBHOMY BCKUIIAHMIO
CTpyJ/i meperpeToil Boabl aBTOpOB PemerHmkosa A.B.,
Maxeitko H.A. mu np. (2007) [12], Anekceesa M.B.,

JlexxunHa C.U. u np. (2014) [13] onpeneneHsbl pa3inyHble
cragauu GopMMUpoOBaHMS CTPYH B 3aBUCUMMOCTY OT HA4aJIbHO-
ro 3HaueHus reperpesa CTpyu. B mocnegHee BpeMsi BHUMa-
HMe UCCIeloBaTesieil MpuUBIeKaeT UCIO0Nb30BaHMe My3bIPb-
KOBOJ1 CTPYKTYPHI ABYX(a3HOTO IOTOKA /151 paCIbLIMBAHMS
SKUIKOCTe C UCTIONb30BaHMeM BbICOKOTO JlaBieHus [14, 15]
(Weaver D.S. et al., 2015; PemretunkoB A.B. u gp., 2016).

B pa6ore [16] (PemertHukoB A.B., BycoBK.A.,
Maxeiiko H.A. n np., 2012) ipoBefeHbl SKCIIepUMEHTAIb-
HbI€e UCCAEeNOBAHMS CTPYIM BCKUMNAKIIEN ITeperpeToi BOAbl
IIJISI TOHKUX UMIMHAPUYECKMX KaHaioB d = 0.5 MM B 3aBU-
CUMOCTM OT HauyaJdbHbIX COCTOSIHUI XKUIAKOCTU OIU3KUX K
TepMOAMHAMMYECKOI KPUTHUUECKOI Touke, ¢ popmMupoBa-
HMEM PEeKMMOB UCTeUeHMsI C YIVIOM pachbljia CTPYU OT KO-
HMYEeCKO¥ (hOpMBI 10 ee IMOJHOTO «pa3Bajia». YCTaHOBJIeHA
CBSI3b MeXKIy opMaMM CTPYIi IIEPETPETOI BOMBI C MEXAHU3-
MaMU 3apOoJiblllie06pa3oBaHMs U ITOKa3aHO, YTO C yBeIuye-
HMEM UCXOIHOI TeMIIEPATYPhI CTPYS IpuobpeTaeT Gopmy
T10JIOTO KOHYCA C PacTyIMM YIJIOM pacTBopa Ipu BepIlinHe.

B pab6ore Ilupmiosa SI.H., Hepececsu J.A. u 1p.
(2016) [17] TeHEBBIM METOAOM ObUIM TOTYYEHBI BUIEO-
KaApbl IIpoliecca pa3BUTHUS BOASHON CTPYU NIPU UCTEUEHUN
U3 cora npu ucxongHom pgasnenuu 400 Mlla.

B moHorpacuu [18] (KocTiok B.B., ®upcos B.I1., 2015)
paccMaTpuBaiuch GyHIaMeHTa/IbHbIE ITPOGIEMbI MCITOJb-
30BaHMSI KPMOTEHHBIX TEXHOJIOTUI B CJIOKHBIX TeXHUYe-
CKMX CHCTeMax, B TOM YicC/ie 3KCIIepMMeHTalbHble MC-
CJTeqOBaHMS MIPOIIECCOB TEIVIOOOMeHa TPy 3a1ycKe KpUo-
TeHHBbIX [ABUTaTeIbHBIX YCTAHOBOK C MCIIOJb30BaHMEM
CTPYJHBIX CUCTEM.

B pa6otax [19, 20] (Reitz, 1990; Simoes-Moreira et
al., 2002) skcIIepMMeHTaIbHO MCCIeIOBaINCh ITPOIIECChI
BHE3aITHOTO BCKUIIAHMSI C UCIIOAb30BaHUEM KUIKUX YT-
JIeBOJOPOJOB, 3TaHONMA M XJaJareHToB. Bputo o6Hapy-
’KEHO, UYTO He TOJbKO CTelleHb IleperpeBa OIlpenesseT
VHTEHCUBHOCTb B3PBIBHOTO BCKMIIQHMSI, HO U YCIOBUS
BIpbIcKa. C TOMOIIIbIO TeHEBOJI rpadyKy OGbUIO BU3YaIM-
3MPOBAHO OCTaBIIEeCs KMUIKOEe SIAPO B OpbI3rax BHe3all-
HOTO BCKuMaHus u pacmap crpyu [19,20] (Reitz, 1990;
Simoes-Moreira et al., 2002).

B orminune oT 06BIYHBIX JKUIKOCTEN B3pbIBHOE BCKU-
MaHMe KPUOTeHHBIX XMUIKOCTEN ropasio MeHee uccienoBa-
HO 13-3a 3HAUUTEIBHO 60Jee JKeCTKUX YCIIOBUIA SKCIIEPH-
MeHTa. B paMKax aKCIepMMeHTaJTbHOTO UCCIeq0BaHUS O
J1a3epHOM 3aXXKUTaHUU B MOZ,e/IbHOI KaMepe CrOpaHusl pake-
ThI B YCJIOBUSIX OOJBIION BBICOTHI HAOIIONATIOCH BHE3AITHOE
BCKMUIIaHMe CTPyM kuaKoro kuciaopoga [21] (De Rosa et al.,
2006). Ha ToM ke MCITBITATEIbHOM CTEeH/Ie ObIIO UCCIeN0-
BaHO BHe3aITHOe BCKUIIaHMe CTPYit XXUAKOTO KMUCI0poa,
KOTOpPOE OBIJIO COTIOCTABIIEHO CO BCKUTIAIONIVMIMMY CITPESIMM
06bIYHBIX JkMpKocTeit [22] (Lamanna et al., 2015). [Tokasa-
HO, UTO CIIpey KUAKOTO KUCIOPOJA U OOBIUYHBIX KUIKOCTE!
MMeIOT CXOAHYI0 Mopdonoruio.

B [9] Xiufang Liu et al., 2017) mpu pacoblieHUY KU -
KOTO a30Ta MCCIeloBaa0Ch BAMSHME Pa3HUIIbI TaBIeHU
BIPBICKA Ha pacIipesiesieHNe Karmeb o pasmepam. Vizmepe-
HMS TTI0Ka3ajiu, YTO yBeIUUeHye pa3HULIbI AaBAeHMIi BIIPbIC-
Ka yJIy4dllaeT paciblieHMe, O UeM CBULETENbCTBYIOT TOMO-
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reHM3anus 1 yMeHbllleHre pa3Mepa Karesb.

B pa6orax [1, 2] (Rees et al., 2019) 6bu1 pacumpex aua-
Ma30H JAOMYCTUMOCTHU ITePeX0oAHbIX KOPPeJsinii, ToTyYeH-
sblit B [23] (Cleary et al., 2007) mJist KpMOT€HHOTO KUIKO-
ro a3oTa M Moka3aHa aCMMIITOTMYECKasl 3BOJIIOLUS yIiia
pacnbpUIeHMSI C yBeM4eHeM neperpesa. B aTom xe uccre-
JOBaHUMU Cepusi SKCIIePUMMEHTOB IT0Ka3ajaa yMeHblIIeHne
JyaMeTpa Kareb C yBeJIMueHeM TeMIlepaTypbl BIIPbICKa
B MIOJIHOCTHIO BCKUMAKIIMX CITPesiX >KUIKOT0 a30Ta U IJI0-
GaIbHbIIT MMHUMYM B IIpoduie BePTUKAIbHOM CKOPOCTU
B 3aBUCUMOCTU OT TeMIIepaTypsl BIIPbICKA. B manpHenmmx
uccnegoBanusix [1-3] (Rees et al., 2019, 2020) 661111 M3Mepe-
HbI pacripefe/ieHs] CKOPOCTU U IMaMeTpa Kallelb CUIbHO
TeperpeThiX BCKUMAMINX OPhI3T KMIKOTO a30Ta C ITOCTO-
SIHHBIMM YCJIOBUSIMM BITPBICKA.

TeopeTuueckue uccaeno0BaHus, MOCBSILEHHbIE BOIIPO-
caM KpPUTUUYECKOTO UCTeUYEeHUST XXUIKOCTU B ITy3bIPbKO-
BOM peXume, MpoBOAMINCh B paboTax Hurmarynuua P.U.
(1987) [4], Hurmarynuna B.1., CornenkoBa K.JM. (1980) [5],
I'y6arigymmmua A.A. (2006) [6], ViBamrHeBa O.E. (2009) [7],
[Maranosa B.III. (2012) [8] u mp.

[J1st oTIMcaHmst CBOVICTB SKMAKOCTY U TTapa pa3pabora-
HbI TEPMOJIVMHAMMUYECKN COTTIACOBAHHBIE PeaMCTUIeCKMe
MIMPOKOAMATIA30HHbIE B aHATUTUUECKOI popMe ypaBHEHMUS
COCTOSTHMSI BOJbI, alleTOHA, 6eH30/1a U TeTpaieKaHa, OMMChI-
BaIOIIVe COCTOSIHMUS B 00/IaCTSAX HACBIIIEHMS, KpUTUUECKOIA
TOUKMU, OCTOBEPHOCTh KOTOPBIX MOATBEPKIEHA COTaco-
BaHMEM C 3KCITePUMMEeHTaIbHbIMY JAHHBIMY IO YIAAPHON U
M30TePMUUECKON CKMMAaeMOCTSIM, KpUTUUYECKUM TTapaMeT-
paM U TeOPEeTUUECKUM IIPUOIVKEHUSIM B 00/1aCTSX BbICO-
KMX UM HU3KUX JlaBjieHuil. MeToauKa, UCTIOIb3yemasi Ipu
MMOCTPOEHUM TaKUX YPaBHEHUIT COCTOSIHUS, B TOM UMCJIE
TO3BOJISIET YUUTHIBATh MeX(a3HbIii SHEPTro- ¥ Maccoo6-
MeH B uccaemyeMoM Ipotiecce [24,25] (Hurmatynuu P.J.,
bonmorHoBa P.X., 2011, 2017).

UncneHHas peanm3anysi OGHOMEDPHBIX M MPOCTPAH-
CTBEHHbBIX MOJe/el MPOBOAMIIACH C UCTIOIb30BaHNEM Me-
TOZLOB MOABUKHBIX JIarPAHXKEBbIX CETOK ¥ CKBO3HOTO CUe-
Ta. Ampobainus pa3paboTaHHBIX MOAeNeit OCyliecTBe-
Ha C MIOMOIIbI0 KOMIIBIOTEPHOTO MOZENMPOBaHUS 3a4au
110 B3PbIBHOMY UCTEUEHUIO TTapo- Ta30XXMUIKOCTHOM CMe-
C/ U3 KaMepbl BBICOKOTO [aBJI€HUS] B OJHO- U IByMep-
HOM TIPUOMMKEHNSIX W IIPOBEAEHO CPaBHEHME PACUETOB
C 9KCIepUMeHTaTbHBIMU TaHHBIMMA.

B pa6ote [26] (BonorHoBa P.X., Kopo6umnckas B.A.,
2017) Ha OCHOBe MOAEIN BCKUIIAHUS, IMPEeNJIOKEHHOM
B [27] (BomoTHOBa P.X., By3uHa B.A. (Kopo6unHckas B.A.),
FanumssinoB M.H., Illaramos B.I1I., 2012), mpoBeJieH aHa-
JIN3 BIAUSTHUSI UCXOOHOTO COCTOSIHUSI BOABI B Kamepe BbI-
COKOTO JJaBJIEHMSI ¥ MHTEHCUBHOCTY 3apObIlie00pa3oBa-
HMSI BCKUTIAIONIE BOMABI HAa SBOIOINMI0 (GOPMBI TTapOBO-
JISTHOJ CTPYM Ha HAYaJIbHOM CTagUU UCTEYEHUS C IuaMeT-
pom coma d = 0.5 MM J7151 YCIIOBUIA SKCIIEpUMEHTOB [16]
(PemetHukoB A.B., Bycos K.A., Maxeiiko H.A. u ap., 2012).
st uccinemoBaHus mpoiiecca GopMupoBaHus MOION CTPYU
IIPU MCTEUEHUN M3 TOHKOTO COIJIa BOASHOTO Tapa, M3Ha-
YaJIbHO HAXOISILEerocs Py BbICOKOM AaBJI€HUU B CBEPXKPU-
TUYECKOM COCTOSIHUU, YNCJIEHHOE MOJIe/IMPOBaHMe IpoBe-

IIeHO C IpUMeHeHMeM pemiaTtes sonicFoam 616MOTeKM OT-
kpoiToro naketa OpenFOAM B AByMepHOI oceCMMMeTpU4-
Holt moctaHoBKke [28] (bonmotHoBa P.X., latinymninHa 3.0.,
2018). B aToi1 pabore ucciiemoBascs mpoiecc GopmMupo-
BaHMS TIOJI0M CTPyM IPU UCTEUEHUM U3 TOHKOTO COILIa
13 CBEPXKPUTUUECKOTO COCTOSIHUSI, YeMY CIIOCOOCTBOBAIO
ob6pa3oBaHye BHYTPEHHEIT TpaHULIbl CTPYM (Aycka Maxa) u
pa3BUTHME BHEIIHErO ¥ BHYTPeHHETr0 TOPOUIATbHbBIX BUX-
peri. IoCTOBEPHOCTh Pe3y/lIbTaTOB OlieHEHa CpaBHEHMEM
pacyeToB, MOTYYEHHBIX 110 JMHAMMUKE BOITHBI Pa3TPy3Ku,
pacrpocTpaHsioleiics B 0671aCTU BbICOKOTO NaBjieHUs, C
npuMmeHeHuem naketa OpenFOAM, ¢ ypaBHeHUEM COCTOSI-
Hust [leHra—POOGMHCOHA M UMCJIEHHBIM peIlieH)ieM aHaJIOT Y-
HOIJi 3aJjauM METOOM CKBO3HOTO CYeTa B ciiyyae OfHOMep-
HOT'O TJIOCKOTO TIPUOIVDKEHUS C YpaBHEHMEM COCTOSTHUS
COBepIlleHHOTO rasa. IIpoBeneHo uncieHHOe UcciefoBaHKe
CBEPXKPUTUUECKUX PEXVMOB CTPYITHOTO MCTEUEHUS BCKU-
Tarolei BOAbI Uepe3 TOHKOe COIIO C MCIIO/Ib30BaHMEM MO-
IUGUIMPOBAHHOTO pemaTesi IPOrpaMMHOTO KOMIUIEKCa
OpenFOAM. M3yueH mporiecc 06pa3oBaHusI BUXPEBBIX 30H,
UX BIVSTHUE HA CTPYKTYPY CTPYU U Ha GOpMUPOBaHME ITEPeT
CTpYyeil aKyCTUUEeCKMX BOTHOBBIX MMITY/ILCOB ITepuoanye-
CKOI cTpyKTyphl [29] (bonotHoBa P.X., l'ajinyminHa 3.0.,
Kopo6umnckas B.A., ®@aiisysuinaa 3.A.,  2020), [30]
(Bolotnova R.Kh., Korobchinskaya V.A., Faizullina E.A.,
2021), [31] (bonotHoBa P.X., Kopo6unHckas B.A., 2022).

UccnemoBaHye HeCTalMOHAPHOTO Mpoliecca ucreye-
HMSI BCKUITIAIOUIEro TEIVIOHOCUTENSI, BBI3BAaHHOTO TOpIie-
BBIM pa3pbiBOM TPyOOIPOBOAA, IMpOBeleHO B [32, 33]
(AnekceeB M.B., Jlexxaun C.U., IIpubatypun H.A. u np.,
2014, 2017) Ha oCHOBe HepaBHOBEeCHOJI romoreHHoii (2014)
U penakcaionHoii (2017) mopeneii, roe o6HapykeHo dop-
MMUpPOBaHMe MTePUOINUECKUX BUXPEOOPA3HBIX CTPYKTYP.

B mncotemoBanmum Lamanna et al. (2015) [22] oist pe-
SKMMOB BCKUITAaHMSI OblJIa pa3paboTaHa MOAEb AJIS TIPO-
THO3MPOBAHMS yIJIa PACIIbIEHUS B 0671aCTM BOIM3M COTI-
Jla TI0 CTeTleHM TeperpeBa U MOBEPXHOCTHOMY HaTsIKe-
HM10. Ha MMKPOCKOMIMYECKOM YPOBHE OMHAMMKA POCTa
ITy3bIPHKOB XOPOIIIO JTOKYMEHTHPOBaHA B JIUTEpaType C
MCIIO/Ib30BAaHNEM TEeOPETUYECKMUX WM UYMCIEHHBIX MEeTO-
OB U IIPOBEPKU 3TUX METOHOB 3KkcrepuMeHTamu (Lee
and Merte, 1996 [34]; Robinson and Judd, 2004 [35];
Sher et al., 2008 [36]; Prosperetti, 2017 [37]). Ha maxk-
POYPOBHE MHOTOUYMCJIEHHbBIE UCCIEIOBAHMS TOKA3bIBAIOT
KpPYITHOMAacCIITabHble XapaKTepUCTUKH, TaKye KaK II0T-
HOCTb DAacCIIbIJIEHMS, YTOJ PAcHblIeHMUs] U MPOHUKHOBE-
uue (Lee]., 2009 [38], Navarro-Martinez S., 2014 [39],
Karathanassis I.LK., 2017 [40], Gértner JW., 2019 [41],
2020 [42], Calay R., Holdo A., 2008 [43] ). B pa6ore [44]
(Loureiro D.D. et al., 2020) mpenIpuHsITa MOMIBITKA ITIPEOH0-
JIeTh Pa3pbIB MeKAY MalbIM U 601bIIMM MaciiTabamu. B
3TOIt pa6oTe MEeTOH, MPSIMOTO YMCJIEHHOTO MOAEIMPOBAHMS
UCIIONIb3YEeTCSI VIS UCCIEIOBAHMS TIEPBUYHBIX MPOI[ECCOB
pacrnaza, MpoOUCXOASIINX B MUKPOCKOIIMYECKMX MACIITa-
6ax, CBSI3aHHBIX C PaCIblIEHNEM IIPY BHE3AITHOM KUIIEHUU
IL7IS1 YCIIOBUH, XapaKTePHBIX ITPU BIIPHICKE KUAKOTO KUC-
JIOpOJa B KAMEPY CrOpPaHMst HU3KOTO JAaBIeHMS] PAKETHOTO
IIBUTATEJISI B KOCMOCE.
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V3-3a oueHb CJIOXKHBIX IKCIIEPUMEHTATbHbIX YCTIOBUIA,
KacaloIuxcst KPYMOTeHUKH, a TaKKe BaKyyMHOI aTMocdepsl
Ha GOJBIINX BBICOTAX, IO CUX ITOP CYIIECTBYET MaJIO IKCITe-
PUMEHTATbHBIX JAHHBIX O KPMOT€HHOM BHE3AITHOM BCKMITA-
Huu. OrpaHMYeHs U 3aTPaThl, CBSI3aHHbBIE C SKCIIEpPUMEH-
TaJbHBIMM UCCIIENOBAHNUSIMY KPUOTEHHBIX TOIUIUB, IEaloT
TIPUBJIEKATETbHBIMM aJIbTePHATUBBI UMCIEHHBIX TOAXOI0B
TIpY peain3aluy pacCMaTpUBAEMbIX ITPOGIIEM.

B pesynbTaTe manpHeMMX UCCIef0BaHMI HA OCHOBE
paHee pa3pabOTaHHOTO METOMAA MOCTPOEHUST YPaBHEHMS
COCTOSTHUSI 7151 )KMAKOCTU U TIapa MOIy4eHO TePMOAVIHAMM-
YeCcK! COIVIaCOBaHHOE aHaIUTUYeCKOe ypaBHEHME COCTOSI-
HMSL IJIS SKUAKOTO ¥ ra3006pa3HOro a30Ta MOIEeKy/SPHOI
assl. [Ipy nocTpoeHUM ypaBHEHUST COCTOSTHMSI UCIIONb30-
BaHa dopma Mu-I'ploHaiizeHa B BMle CYMMbI YIIPYTOii U
TEIUIOBOV COCTAaBJISIIOIINX [JIS1 NABJI€HUS] U BHYTPEHHEeN
3Hepruu. YIpyrue COCTaBSIIOIINE ONMCAHbI [IOTEHLVAI0M
tura bopra—Maiiepa. [I1s1 TEIJIOBBIX COCTABISIONIUX IPU-
HSATO yIIpolliaiolilee MpubIMskeHue, ceayoliee 13 yeI0BuUs
TOCTOSIHCTBA CpeJIHEel TeIIOeMKOCTH U 3aBUCUMOCTHU (PyHK-
1uu [proHaii3eHa ot oobeMa. ITpy onpeeneHun ypaBHeHS
COCTOSTHMSI TIAPOBOJ U SKMUIKOI (a3 a30Ta UCIHOIb30BaINCh
tabnuiel [45] (Cerue B.B. u np., 1977), paccuntaHHbie Ha
OCHOBE YpaBHEHMI1, alllTPOKCUMUPYIIUX SKCIIepUMEHTATb-
Hble JaHHbIE 10 U30TePMUYECKOI CKMMAeMOCTH, anuaba-
TUYECKOV CKOPOCTY 3BYKA, BKITIOUAst KPUTUIECKYIO 00/1aCTh
¥ IMHUIO paBHOBecus ¢as. [TomyuyeHHOE ypaBHEHME COCTO-
STHUS a30Ta MM03BOJISIET UCC/IeN0BaTh SIBJIeHMS, CBSI3aHHbIE C
npoleccaMy UcnapeHus M KOHAEHCaluy a30Ta, IpU MOJe-
AMpoBaHUM MHOTOGa3HBIX TeUeHUI ¢ yueToM MexkdazHoro
TEIlIO- MaccoOGMeHa B YCIOBUSX HU3KMX AaBIEHUI Y KPUO-
reHHbix Temmeparyp (Bolotnova R.Kh., Gainullina E.F.,
Korobchinskaya V.A.,, 2023  [46]; bBonorHoBa P.X.,
TastnynnuHa 2.0., ®arisynnuHa 3.A., 2024 [47]).

PaccMoTpeHbl HepaBHOBECHBIE MaCCOOOMEHHbIE ITPOo-
11eCChl MCITapeHUs ¥ KOHJeHCaIUY C yUeTOM KOHTaKTHOTO
TeruIo0bMeHa, BOSHUKAIOIIME TTPU BCKUIMAHUY CTPYU KU~
KOTO a30Ta Ipu ee UCTeueHU! U3 TOHKOIO COIlia B BaKy-
yMHYI0 aTMocdepy. s omMcaHus pacCMaTpUBaeMbIX MTPO-
11eCCOB MCIIOTb3YeTCs TpeXMepHasi 0ceCMMMeTpUYHas IBYX-
(asuas momesnb MapoXUAKOCTHOM CMeCH B OTHOCKOPOCT-
HOM, OTHOAABJIEHUECKOM, IBYXTEMIIEPATYPHOM IIPUOIN-
SKEHMSIX C yUeTOM Mesk¢asHOro Telyioo6MeHa 1 HepaBHO-
BECHBIX MacCOOOMEHHBIX MPOIeccoB. [IpuBeqeHbI OLIeHKM
TOYHOCTY Pa3paboOTaHHOTO UYMCIIEHHOTO MEeTOa, Peayin3y-
I01L[eTO TMpeaJIoKeHHYI0 MOZeIb Ha OCHOBE ITPOrpaMMHO-
ro obecrieuenust OpenFOAM, 1 1OCTOBEPHOCTHM MOTyUYEH-
HBIX Pe3yJbTATOB B CPAaBHEHUM C SKCIIePUMEHTaTbHbBIMU
IaHHbIMU. [IpoBeieHHbIE UNMC/IeHHbIE UCCIeN0BaHMS T10-
Kazaau GopMUpPOBaHMe 06IaCTY My3bIPhKOBOTO TEUEHMS
B O/IVKHelT 30He Ha BbIXOHe 13 colia. Iloka3aHo, 4To Mo
Mepe yaajaeHMs OT COTjia CTPys IePEeXOAUT B MapoKareib-
HbI PESKUM TeUeHMSsI, TOMUHUPYIONINIA HaJl ITy3bIPbKOBBIM
B IIpoIiecce pa3BUTUSI CTpyu. [IpoaHanM3MpOBaHO BIAUSIHIE
CTelleHy MeperpeBa Ha yroJl pacIblIeHUsT CTPyH, 06pa3o-
BaHMe U pa3sBUTHME BUXPEBBIX 30H B Ipollecce Mepexona
13 My3bIPbKOBOTO PeXMMa MCTeUeHMs B ITapoKaIle/bHbI C
OILIeHKOJ YPOBHS MOHOAMCIIEPCHOCTY MapOKaIleabHOro Mo-

ToKa. [Ipu u3yueHU IMHAMUKU T10JIeli TeMIepaTyp BbISIB-
JIeHO, 4TO 60s1ee BbICOKAs TeMITepaTypa sKUIKOi dha3bl a30Ta
B CpaBHEHMM C ITapOBOJi Gas0ii onpenesnseT YCIOBUS OJIs
Tpoo/KeHus mporecca ucrnapenus [48] (Bolotnova R.Kh.,
Korobchinskaya V.A., Gainullina E.F., 2023).

[TpoBefieHO uMCIEeHHOE MOZENMpPOBaHME HeCTalo-
HapHOTO Tpollecca UCTeUueHMs XUAKOT0 a30Ta yepe3 KOHM-
YyecKoe COIUIO TIpU pasrepMeTu3aluy Kamepbl BbICOKOTO
naByieHus1. [ omycaHus Iporiecca MpuHsITa IByxdasHas
MPOCTPaHCTBEHHAsI OCECMMMETPUYHAsI MOJIeJb MapOsKn/I -
KOCTHOV CMeCHU B [BYXTeMIIEpaTypHOM, OOHOZLaBJIeHYe-
CKOM, JIBYXCKOPOCTHOM TIPUOIMKEHUSX, YIUTHIBAIOIIAS
HepaBHOBECHbIE IMMPOIEeCcChl UCTIApPeHUsT M KOHAeHCaI[UN.
VHTeHCHMBHOCTD (ha30BOTO MEPEX0a OMPeAeIsIeTCs B 3a-
BUCUMOCTHU OT YMCJIA U paauyca My3bIpbKOB, CTENIEHU T1e-
perpesa 1o TeMmIlepaType, TEIUIOThI Mapoobpa3oBaHMs,
Ko3dduIMeHTa TeIJIONPOBOAHOCTM U uncen HyccenbTa 1
SIko6a. McciemoBaHa 9BOMIOIMS BCKUTIAHMS CTPYU KUIKOTO
asoTa B 06J1aCTY KPMOTEHHBIX TEMITEPATYP B 3aBUCUMOCTI
OT pa3/IMYHbIX HauaJbHBIX YUIOBUIA. [I[poaHanM3UMPOBaHO
BJIMSIHME CTeleHM IleperpeBa Ha yrojl paciblieHUs CTPYMN.
UncieHHasl peain3anysl IpenaokeHHOM MOJeny OCyILeCTB-
JieHa C TOMOIIbI0 CO3IaHHOTO aBTOpaMM pelliaTesi B cpe-
ne OpenFOAM. [lonydyeHbl pacueTHbIe pacmpeneneHust
CKOPOCTeN /ISl IBYX CTeIleHel nmeperpeBa, aHaJIOTMUYHBIX
akcriepumenTam [1-3] (Rees et al., 2019, 2020). B pacue-
Tax YCTaHOBJIEHO, UTO yBeJIMYEHMe CTelleHM Ieperpena
MIPUBOIUT K YBEJIMYEHMIO YIIa PACIIbIZIEHUS CTPYU U BO3-
pacTaHuio CKOPOCTeli B OCHOBHOM CTPYIfHOM MoTOoKe. IIpo-
BeJleH CPaBHUTEIbHbIN aHaJIN3 UMUCIEHHBbIX pacueToB C
MpefCcTaBaeHHbIMHU B [1-3] 3KCIlepMMeHTaIbHbIMU TOUYKA-
MM 110 3HaYeHMSIM MacCOBBbIX CKOPOCTE, YIJIOB PACKPBITUS
cTpyu U hoTorpadusiMu MoJIeIMPyeMbIX SKCIIEPUMEHTOB.
[MosmydyeHHbIe YMC€HHbIE pPACYeThl MMEIOT Y OBJIETBOPU-
TeJbHOe COIIacOBaHMe C 3KCIepUMeHTaTbHbIMU JaHHBIMU
(BonotrHoBa P.X., Kopo6umHckast B.A., Taitny/uimmHa O.0.,
2023 [49]; KopobunHckas B.A., 2024 [50]).

HanpHerine Uccaeq0BaHNUS IPOLeCCa UCTEUeHUS KU -
KOTO a30Ta U3 COCyJla BBICOKOTO [IaBJIeHUS B BAKYYMHYIO
Kamepy MPOBOAMINCH AJIs1 YCI0BMIT GOPMUPOBAHMS TIOMS
CKOPOCTeJi CTPYMHOTO MOTOKA MPU BBICOKMX CTEIEHSIX Iepe-
rpeBa 1o gasieHuio. [lonyuennsie B [51] (BonotHoBa P.X.,
Kopo6unnckas B.A., Taitnyinna 3.0., 2024) pe3yabTaThl
YI0BJIETBOPUTENILHO COITIACYIOTCS C IKCIIepuMeHTamu [1-3]
(Rees et al., 2019, 2020).

4. 3aksueHue

B 0630pe mpoBeneH aHa/IN3 3KCIIePUMEHTATbHBIX U
TeOpeTUUYECKUX paboT, CBI3aHHBIX C M3yUeHMEM IMHAMUKA
opMMpoBaHMS CTPYIHBIX IOTOKOB IMPU UCTEUEHUN Uepes
COTIJIO KPMOTEHHBIX KUIKOCTEeH 13 KaMepbl BbICOKOTO [,aB-
JIeHUs B BAKYYMHYIO aTMOcdepy, BCIeICTBYE IABUHHOTO PO-
CTa YKciaa MUKPOITY3bIPbKOB Mapa u GopMupoBaHus CTpyit
C Pa3IMYHBIMU OMANa30HaMU YTJIOB PACKPBITKS, B 3aBUCK-
MOCTH OT KOHCTPYKIIMM 3KCIIePUMEHTaIbHOM YCTaHOBKH,
HavaJIbHbIX YCJIOBUIA, CTEIIEHM Ileperpesa paboueii KUaKo-
CTU U ee TeIuIoPU3NIEeCKUX CBOICTB. BasKHOCTh pesy/bTa-
TOB PacCMOTPEHHBIX MCCIeI0BaHMit 00yCI0BIeHA BO3MOXK-
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HOCTBIO UX MIPUMEHEHMS P YCOBEPIIEHCTBOBAHUY TeX-
HOJIOTMYECKMX IIPOLIECCOB, COMPOBOXKIAIOIINMXCS BHE3aIl-
HBIM BCKUIIAHMEM Vi MICTeUEHMEM ra30- MapoHaChIIeHHbIX
SKUAKOCTEI 3 KaHAIOB U TPYD, MCIIOIb3yeMbIX BO MHOTMX
00/1aCTIX COBPEMEHHOIT SHepreTuKku, HeTerasoBoii mpo-
MBIIIIJIEHHOCTM, MeIMIIMHE, a TAKKe B PaKeTHOI TeXHUKe,
B KOTOPBIX MIPUMEHSIOTCSI METO/IbI PACITbIEHNS B YCTIOBUSIX
KPMOTeHHBIX TeMIIepaTyp. B 4aCTHOCTH, MCIIOIb30BaHe
SKMIIKOTO a30Ta B KaUecTBe paboueii sKUIKOCTY HeOOXOmm-
MO TP UCCAeA0BaHUM ra3oaMHaMMUUeCKMX IIPOIIeCCOB B
KPMOTEHHBIX a9pOAMHAMUUECKUX TPyOax, IJIst OXJIaXKIeHMs
CBEPXIIPOBOIAIINX MAaTHUTOB, IIPU PACIIbIJIEHUN KUIKOTO
a30Ta B MeIMLIMHCKOM IPaKTUKE IS KPMOAOISIMM C BbICO-
KOTOYHBIM KOHTPOJIEM CKOPOCTH M T€MIIepaTypPhl.
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YpaBHEHUA ABUXEHUS MAEANbHOMO ra3a A0MyCKalT PaBHOMEPHOE PACTKEHME BCEX HE3aBMCUMbIX MEPEMEHHbIX. JTOM rpynne CooTBeT-
CTBYET MHBApMaHTHaA CTaLMOHApHaa NoAMOAesb paHra 3. MonyyeHbl BCe aBTOMOAENbHbIE PELIEHNS NOAMOAENM C IMHENHBIM NONEM CKO-
pocTeit. Bo3MOXHbI ABUXEHMS YaCTUL, MO KBa3uiydaM, NAOCKMM CTEMEHHLIM U CMIMPaNbHbIM TPAeKTOPUSAM, NMPOCTPAHCTBEHHBIM CMparib-
HbIM TPAEKTOPMSM Ha MOBEPXHOCTW BPALLEHMS CTEMEHHON KPUBOW.

KntoueBble cnosa: YpaBHEHUA rasoBoM AMHAMUKM, paBHOMEPHOE paCTAXEHNE, UHBAPUAHTHAA aBTOMOAENIbHAA NOAMOENb, JIMHelHoe none
CKOpOCTeﬂ, KBa3nnyy
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Automdeling gas motiones with the linear field of velocities

S.V. Khabirov™
Mavlyutov Institute of Mechanics of UFRC RAS, Ufa, Russia

E-mail: habirov@anrb.ru
The equations of a motione of the ideal gas admit the proportional dilatation by all independent variables. The invariant stationary submodel

of the rank 3 corresponds to this group. All automodeling solutions of the submodel with the linear field of velocities are obtainted. It
is possible motiones of particales along quasiraies, on the plane exponential and spiral trajectories, by twisted curves on the rotation surface of

the exponential curve.

Keywords: equations of gas dynamics, proportional dilatation, invariant automodeling submodel, linear field of velocities, quasiray

1. BBepeHue

I'pynmoBoit aHanu3s quddepeHIMaIbHbIX YypaBHEHUI
ra30BO AMHAMMKM JaeT OOJbIIOe YMCIIO IOAMOIeNTeli: UH-
BapMaHTHbIE, YaCTUYHO MHBAPUAHTHBIE, IUbdepeHIab-
HO MHBapuaHTHbBIE [1-4] A1 HemomOOHBIX moArpym 11-
rapamMeTpuyecKoii rpymibl l'anumnes, paciinpeHHON’ pacTsi-
>keHMeM. HekoTopbie MHBapMaHTHbBIE TTOAMO/IEN XOPOILO
u3y4deHsl [5-7], Ipyrue KOyT CBOei ouepenu IJjsl Uccie-
IOBaHMS MO aHaIoruu ¢ repsbivu. K Tumy guddepenim-
aJIbHO MHBAapPUaHTHBIX MIOIMOZeseli OTHOCSTCS pellieHUsI C
JIMHEMHBIM [10JIEM CKOPOCTEN, TaK KaK MHOXECTBO IePBbIX
TPOM3BOIHBIX 10 KOOPAMHATAM MHBAPMAHTHO OTHOCUTE/Tb-
HO rpynrsl [anunes. [y Mogenyu ra3oBoit AUHAMMKY 3Ta
InddepeHanbHO MHBAPUAHTHAS MTOAMO/IENb 3afiaHa CH-
cTeMOi1 0GBIKHOBEHHBIX AM(pdepeHLaabHbIX YpaBHEHUI
60sb110T0 MTOpsAaKa. OHa HawIemyeT MJOITyCKaeMYI0 IPYIITY
Y TIO3TOMY MMeeT MHTerpasIsl [8], HO 0blliee pellleHKe TOTy-

YUTh He NIpeJiCTaBIIsIeTCs] BO3MOXHBIM. PelieHne ¢ nmHelt-
HBIM I10JIEM CKOPOCTeJi MMeeT CMBICI MCKATh JJIS1 TOAMOZe-
seii. Tak rony4yeHsl Tepuoguveckue nBmkeHus rasa [9, 10].
Kpatkuit 0630p paboT 0 IBVSKEHMM CIUIOIIHOM Cpefbl C JIK-
HelHBIM I10JIeM CKOpOCTelt puBezeH B pabore [11]. B xaue-
CTBe MpMMePa MOTYYeHUs 0OIIEro pemeHus ¢ TMHENHbIM
I10JIeM CKOPOCTEJ pacCMOTpeHa aBTOMOJ e/IbHasi MUHBapy-
aHTHAas MOAMOe/b pPaHra 3 AJis TPYIIIbl PACTSKEHUMA. DTU
TOYHbIE pellleHUs] AOTOMHSIOT KJIacChl MHBAPUMAHTHBIX U
YaCTUYHO MHBAPMAHTHBIX pelIeHni1 3Tl OIMOJemnu, pac-
CMOTpeHHBIX B paborax [12-14].

B Hacros11eit paboTe HalileHbI BCe aBTOMOZbHbIE pe-
LIeHYS C JIMHENHBIM I10JIeM CKOPOCTe € ITIOCTOSHHO MaT-
pulieit, KOTopasi SKBMBAJIEHTHA ABYM KOpZaHOBBIM (op-
MaM. B 3aBMCMMOCTM OT COOCTBEHHBIX YMCeNT STUX MAaT-
pULL TIOSTyYeHbl ABVKEeHMS YaCTUL] ra3a Ajisl ClielalbHbIX
YpaBHEHU COCTOSIHUSI.
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2. MoamMoaenb aBTOMOAEJIbHbIX E < ® > X1 = ® x ¥1. [TomMomenb IpUHUMAeT BUI:

ABUXXEHUM rasa

YpaBHeHMSI Ta30BOM [AMHAMMKM 3alMCBIBAIOTCS

B Bupe [5-7]:

DS=85+1i-VS=0,
V(eysVS +eyyVV) = =VVp,
p = —€y = P(V,S),
DV =VV-i

Dii =
O

3mech S — sHTpONMSA; V — yHenbHblit 06beM (p = V1 —
IIJIOTHOCTD); p — JaBJIeHNe; ii — CKOPOCTb YaCTUIIbI; € —
yIeNbHasl BHYTPeHHsIS oHeprus; e = €(V, S) — ypaBHeHUe
cOoCTOSIHUS; V = dy — IPaAUeHT; { — BpeMs.

Cucrema auddepeHanbHbIX YpaBHeHM (1) momyc-
Kaet 11-u mapameTpuyeckyo rpymity l'anmies pacumpeH-
HYIO paBHOMEpPHBIM pacTsikeHueM [8]. Eit cooTBeTcTBYeT
11-u mepHag anare6pa Jiu. Bce moarpymiibl (fmomanreopbl)
repeuncieHsl B [1]. Uncmo HEMTOmOOHbIX OAHOIIApaMETPH -
YyeCKMUX TOATPYIIT paBHO 13, cpeayu KOTOPBIX €CTh ITOf-
IpymIia paBHOMEePHBIX pacTskeHUit. OmepaTop 5TO¥ MOJ-
rpynmnsl X = td; + X - 0y MUMeeT MHBapUaHThbl ¥ = ¢ 1X,
il; = ii —t~ 1%, V, S. [Ipencras/ieHye MHBAaPUAHTHOTO pe-
1eHus paHra 3 umeet BUI: il = X1 + i1, V=V;, S =54,
rme iy, V1, S1 — QYHKUMMU MHBApMAHTOB X;. IlogcTaHOBKa
npencTaBieHus B cucteMy (1) JaeT aBTOMOOEIbHYIO MOZ, -
Mopenb CTallMoHapHoro tuma [1]:

D151 =iy ~a,?151 =0,
Dyuy + Vi0g, p = —ily
D\Vi — Vidg, - ily = 3V).

2

JIvHuS YpOBHS MHBAapMaHTOB X, — IIpsiMasi, BBIXOHS-
mas M3 Havajga KOOpAMHAT. DTO YacTulia MHBapUaHT-
HOJ IOOAMOAENM, Ha KOTOPOi ITOCTOSIHHbI MHBapMaHT-
Hble pyHKUMM. Hopmanusarop nomanre6pbl X1 — ceMu-
MepeH. DTO HambosblIas mojanredopa u3 Liq, O KOTO-
poii Xq1 — upean. OH COCTOUT M3 ONEepaTOPOB Tajlniie-
eBBIX ITpeobpa3oBaHMii, BpaleHuit u pacTskenus. Pak-
TOp HOpMayiM3aTopa no X;; — nogajare6pa rpymmbl EBKIN-
7ia (epeHockhl 1 Bpaulenus) {dg,, X1 X 9y, + i1 X dg, }. OTa
rpymIa gomyckaeTcs: mogmonenbio (2) [1, 5]. Tloonmonenb
JIOTTyCKaeT Mpeobpa3oBaHusl S9KBUBAJIEHTHOCTH C OIepa-
TOpaMM Xp - 8;1 + iy - a;,l + Vlavl + Slasl, Vlavl, Y(Sl)asl,
dp — V10e, V(51)0e, Tme v(S1), v(S1) — mponsBonbHbIe QyHK-
UMK, YpaBHEHMS COCTOSIHUS CJiefyeT pacCMaTpuBaTh C TOU-
HOCTBIO JI0 9TUX ITPeobpa3oBaHMiA.

3. JIMHelHOe none CKopocTen

PaccmoTpuM pelieHue aBTOMOZEIBHONM IOAMOZE-
nu (2) ¢ TMHEHBIM TI0JIeM CKOpoCTeii iy = AXy + d, The
A — HeBbIpokneHHas1 marpuua (|A| # 0). BoiposkneH-
HBII CTy4yali paccMaTpuBaeTcsl ganee. EBKauMAoBa rpy-
Ta mpeo6pa3oBaHuii TePEBOAUT MPeACTaB/IeHNE pelleHNs
B 6ornee mpocroe ¢ @ =0, A = diag(dy,dp,d3) + E < & >,

p=—ey =P(V1,51),
DSy = iy 95,51 = 0,
D1Vi = Vi(u1y, + 01y, + W1z, +3).

&)

Cob6CcTBeHHBIE YMC/Ia MaTPULBI A YIOBJIETBOPSIOT
KyOUYeCcKOMY YPaBHEHUIO

A3 = 2\2trA — MrAp + | A,
trA=d;+dr+ds,
+’ &

_(DZ

dy
w1

di —w3
w3 do

‘A| = dldzdg — (D%dl —

w2

dz

_('01

tI'AD:‘ d
3

:

(J)%dz — u)%dg.

CywiecTByeT OeiiCTBUTENbHBI KOPEHD A, KOTOPOMY OT-
BeUaeT COOCTBEHHbIN BeKTOp &7 : A} = A\é;. B opToHOp-
MMUPOBAHHOM 0asuce é1, €, €3 MaTpuila A MMeeT BU

A 0 O

0 dz w

0 —ow d3
HUTCS. [IOBOPOT B TIJIOCKOCTU BEKTOPOB €3, €3 He MeHseT
BUA, ypaBHEHMI (3), HO U3BMEHUT MaTpuUIly A:

, IpU 3TOM BUJ, ypaBHeHU (3) He u3Me-

cosg sing
—sing cos@ - d3
. cosgp sing
S - d3 —sing cosg

OTcioga cielyloT paBeHCTBa:

dy +d3 = dy + d3,
dy = dy cos? ¢ + d3 sin® @,
® = o+ (dz — dp) sin ¢ cos .

Ecmu dp, = d3, To matpuiia A He meHsercs. Eam dy # ds,
TO BBIOOPOM ¢ MOXKHO cmenatb @ = 0 20(dy —

d3)~! = sin(2¢). UTak, JOCTaTOUYHO PACCMOTPETH /IBA CITy-
yas Matpuil A:
M 0 0
Do xm 0, n#£0
0 0 As
A 00
210 a b, N£0, b#0.
0 —b a

IlepBolii Cciyyaii MaTpuubl A C OelCTBUTEIbHbI-
MM COOCTBEHHBIMM YMC/IAMM, BTOPOI — C KOMILJIEKCHO
COTIPSIKeHHBIMU. PellleHMsI pacCMaTpUBAKOTCS C TOYHO-
CTBIO IO OPTOTOHAIBHBIX IpPeoOpa3oBaHMif, OOITyCKae-
MbIX cucTeMoii (2). ITomyyaroTcsl Bce SKOpAaHOBbI (POPMBI
B OPTOTOHAJILHOM basuce.
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4. [OeicTBUTENbHbIE COGCTBEHHbIE YMcna

Cucrema ypaBHeHUI (3) B IIEPBOM C/Iyyae MaTpPUILbI
A TIpUHUMAET BUL:

pr; = =V i+ 1)x;, u; = ki,

D1S1 = hix;S1y; =0, “)
D1Vi =Vi(M + 2 +23+3).
VCII0BMSI COBMECTHOCTY TaKOBBI
Vighi(hi + 1)x; = Vighi(hy + 1)xj, 0 # J. Q)

Orcroga cienyet

V1=

3
2 (A +1x
ecnu \; # —1, V1 # const. YpaBHeHue mjist Vq u3 (4)
Vi(Z b +3) =2V] 52 R2(h + 1)x? =
=2V](ha] + (M — ha)M (A + 1)x3+
+(h2 = ha)ha(ho + 1)x3)
paciIenisieM 0 CBOOOIHBIM ITIepEMEHHbIM X1, X3 :
M=h=Ak=\%—1,
Vi = VpI20H ) 1= 2422 442,
(L +1)

" V(i +3)
=51 = S(I) = Sy, ﬁl = 7\,9_("1

k+3

72 4+ pyg=P(Vp,51) =

3mecy Vy, po, So — mnocrosiHHble. [lomyumnm M303HTPO-
MMMYEeCKOe MPOCTPAHCTBEHHOE paAuanbHOe OBVKeHNe Ya-
ctun, ¥ = Xo|t|*T!. VpaBHeHMe cOCTOSIHMS [Jisi TaKOTo
pelieHus TOMUTPOITHO
MO+1) -
p= Yo
A+3
I nocTosIHHOTO V4 ypaBHeHUs (4) IPOTUBOPEUYUBBIL.
Ecmmh = =1, # —1, A3 # —1, TO YCTIOBUSI COBMECT-
HoctH (5) OaroT:

=V'(]), J=%02+1)x3+ks(hs +1)x3,
1
p= _EVU) +po=P(V1,51) = S1 =5(]).

_ 43

(2;‘ )
301 3(n+1
Vl

)+p0.

-1
Vi

W3 ypaBHeHMi1 (4) cnenyeT
S+ 1)x3+13(hs+1)x3) =0 =
= §1 = Sy = const,
2V (33 (ha + 1)x3 + 23 (hs + 1)x3)+
+V’(2+7\2+>\3) =0= M =k=MA\

Vi= VoI, I=ux} 413,

o )\.2()\+].) Ii)\il

A7 Tro=

1 =k =1
P0+§7\2(7¥+1)V0H] Vl)wrl,

—

i1 = (—x1, x2, Ax3),

M303HTPOIIMYECKOE JBYMEPHOE pafiiaabHOe IBVMKEeHMe Ya-
cu x = xo, (v,z) = (yo,zo)|t|*.

Ecmmh = = —1,h = A3 # —1, TO YCII0BUS COBMECT-
HoctH (5) pator Vi = Vj(x3). U3 ypaBHeHwUit (4) cnenyer

Vi = Volaa [P, S =g, il = (—x1, —xp,hx3),
MA+1) 1
= Vo sl po =
MP+1) 2 i1
— 45 — )\l )VO)Hrl Vl)Hrl + pO'
HOJ'[Y‘-IEHO OOHOMEPHOE aBTOMOIE/IbHOE OBV>XEeHIe.
Ecin 7\1 Z)Q:)\g,: -1, TO p:p0:P(V1,51),
DiVi=0=D;8 = V, =V, (xz B i = -7, Ume-
X1 X1

€M 1300apuUYecKuii MOKOi, B KOTOPOM IVIOTHOCTh U SHTPO-
MU pacripesesieHbl 10 KOHUYECKOMY 3aKOHY.

5. KomnnekcHo conpsiXeHHble
CO6CTBEHHbIE YMucna

Cucrema ypaBHeHUI (3) BO BTOPOM (Jiydae MaTpUIlbl A
MPUHUMAaeT BUJI:

uy = Ax1, v1 = ayy + bzy, wy = —by; +azy,
D1S1 =0, D1V = Vi(L+2a+3),
Px, = —Vfl)»()\ +1)xq,
Py = —Vi (@ = b +a)ys +b(2a+1)z1),
Pz = —Vl_l(—b(Za +1)y1 + (a®> —b* +a)zy).

6

YcoBUSI COBMECTHOCTU

Vi A(A + 1)y = Vig, ((@% — b2 4 a)y1+
+b(2a+1)z1),
Vi MA+1)x1 = Vg, (—b(2a + 1)y +
+(a2 — b2+ a)zy),
Viy, (b(2a+1)y; — (a® — b2 +a)z;)+
+Viz, (0% = V* +a)y; +b(2a+ 1)z1) =
=2Vib(2a +1)

O

I1ocjie IIOACTAaHOBKM  II€PBbIX JOBYX COOTHOIIIEHUI

B TPETbhE OIPEAEISIOT:

0=y Vi=V(I),
1
= =M.+ 15+ (B2 + )3 +3)

npu A # —1. YpaBHeHue gjg V;
V(A 4+ DAMA+ D23 + 1) + V(A +2) =0
pacliervisieM 1o CBOOGOHOI MepeMeHHOI X1

V(DMA+1)(2h+1) = 0.
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Ecin Vi, — noctosHHO, TO cucTema (6) HecoBMecTHa. Ecin

1
A= —=
5> TO

1 1
Vi=WI2, I= 33+ (bz + 4> (2 +22),
5
+ 3

1
po=35Vo V1 "+ po
VpaBHeHme cocrossaust p = P(Vy,S;) ompepenser
Sy = S1(I). U3 (6) cnemyer S; = Sy = const. INomyyaem
M309HTPONNYECKOE IBMKEHIE OJHOaTOMHOTO rasa:

1
U = —Exll 01 =

_x (L _(L,
uth,vft <2y+bz>,wt (22 by).

B nmnmHApuYeckon cucreMe KOOPOAMHAT i = 7 COS ¢,
Z = 1 sin ¢ 4aCTULbI IBUTAIOTCS 110 3aKOHY

1 +bzy, wy = —b —lz =
2y1 1, W1 = Y1 21

x = xo[t|"2, r=rolt|"?, ¢ =qo—bInt].

TpaexkTopusi OBUMKEHMSI UYaCTUIIBl €CTb  CIUpaIb
r = roexp 0% ya xomyce xr1 = Xory L.
Ecim A = —1, To u3s (7) cnenyer Vi, = 0. YpaBHeHMe

mjst Vi B (6) IpUHUMAET BUL,:

Viy, (ay1 + bz1) + Vi (=byr +az1) =

= 2V1(a+1). (8)

[MocnenHee ypaBHeHMe B (7) B cuiy (8) TaKOBO:

(a+1)(Viy, (byr — az1) + Viz, (ay1 + bz1)) =

9
2abVy = a # —1. ©)

YpaBHeHus (7), (8) coBMeCTHbI. B MOMSIPHBIX KOOPAMHATAX
Y1 = ¥1COS @1, Z] = 71 Sin ¢ IOy4aeM pelleHye:
2b(2a +1)
(a+1)(a?+b%)’
_2a((a+1)*+0%)
 (a+1)(a2+b2)7
p= %Vofl(a +1)(a% + b?)r3 ek 4 pg =
= P(V1,51) = Slx1 =0.

Vi= V()T;le_kcpl, k=

VpaBHeHue ansi S; B (6) mHTerpupyem: S; = S(I),
-1
[ =re®?” 1, PereHne BO3MOXKHO [ YpaBHEHUS
COCTOSTHUS BUa

1 I
P(Vi,S1) = po+ 5 (a+1)(a® + b)) VTV I,

[TonydyaeM ABM>KeHME TTOJUTPOITHOTO rasa ¢ iepeMeHHOM
SHTpONUEN:

u=0, v=(a+ 1)yt ' +bzt™},

w=—byt '+ (a+1)zt" L.

B L[I/IJII/IH,HPI/I‘IECKOﬁ cucTeMe KOoOpaMHaT YaCTUIIbI ABUTA-
IOTCA 110 3aKOHY

x=xy, r=rolt|'", ¢ =qo—bnlt.
DTO IJIOCKOe JIBVKeHMe T10 JIorapudMmuuecKoil Crimpanm
r=roexp(b”!(a+1)(go — 9))-
6. JlnHelHOE none ckopocTen
C BbIPOXXAEHHOM MaTpULEeM

Paccmorpum nogmopens (2) ¢ IMHEHBIM MMOJIEM CKO-
pocteit iiy = AX; + 4 ¢ BRIpOKIEeHHOI Matputeii |A| = 0.
[TocTosinHast MaTpuiia A uMeeT Hy/leBoe COOCTBEHHOe 3Ha-
yeHue. Eciu HyleBoe cOGCTBEHHOE 3HAUEHME KPATHOCTU
3, To maTpuiia A HysneBas. [IoBOpOTOM HeKapTOBBIX Oceit
coenaem ii; = (a,0,0). YpaBHeHMUs (2) UHTETPUPYEM:

Slxl = O/ lex1 = —4a, pyl - le = O/

aViy, =3V1 = a #0, Vi = Voexp(3a~1xy),

1

1 1
p=ro+ ganOA exp(—3a~1x;) = po + §a2Vf =

51 = Sy = const.

HonyqaeM M303HTPOIINMYECKOE ABMJKeHME ra3a C YypaBHEHI -
€M COCTOSIHMSI JIMHEMHBIM 10 IIJIOTHOCTMU:

u= a+xt’1, U= ytfl, w=zt"1=
Yy =yot, z=zopt, x = xot +atln|t|.

TpaekTopus YaCTUIbI — KBa3WIy4Y Ha MOIYIIZIOCKOCTH

r r
@=qo, r=rot, x=— (xo—i-aln)
o 70

B LWIMHIPUYECKON CuUCTeMe KOOpAMHAT Y = rCos(,
z = rsing.

Ecin HyneBoe co6CcTBEHHOE 3HAUeHMEe KPATHOCTH 2,
TO IpeACTaB/IeHNe pelleHUs] ITIOBOPOTOM M I1epeHOCOM
IIPUBOIUTCS K BULY:

up=a, v1=0, wy =Azy, A F#O.
Cucrema ypaBHeHMI (2)

Vipy, = —a, py, =0, Vips, = -AMA+1)z1 =
Viy, =0 npu a#0 wm A# -1,
aViz, = Mh+1)z1 Viy,,
alel + 7\.21V121 =V (7\ + 3),
aSlxl + 7\215121 =0
npua # 0, A # —1 npotuBopeunBa. Ecmma = 0, # —1, TO

Vi = V0‘21|1+3}"71, S1 = Sy = const,
2
M(+1) 2y 1=

—1 , M#£3
p=ro—V, A — 7
121In |Zl |, Ar=3
MwupoBast JMHMM  4YaCcTULBl X = Xot, Y = Yot,
z = zo|t|*! wim ¢ = g, r = rot B UMAMHAPUYECKUX KO-

opayuHaTax. YacTulia ABUraeTcs B MOMYIIZIOCKOCTH ¢ = ¢y
1o rpaduKy cTeneHHoi GpyHKuym z = Crith,
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Eom a 20, A= -1, To V; = Voe2“71"1, p = po+
1 _
Eazvo_le‘Z“ " = P(V},$) = S; =Sy = const. Mupo-

Basl JIMHUSI 9acTULBI z = zg, Y = Yot, X = t(xg +aln|t|)
3a@eT IUIOCKYI0O TPAeKTOpPMIO II0 KBasuiIyuyy x =

y (xomn ?/D
0 Yo

Ecm a =0, A= —1, 10 V; = |z1|2F(x1,¥1), P = Pos
Sy = Sp s ypaBHeHMs1 cocTosiHus p = P(S). MupoBast -
HUS YaCTULIBI Z = Z(, I = rot, ¢ = (g 3aJaeT IBVKeHMe 0
Y9y zZ = z(, ¢ = @ C IOCTOSIHHOJ CKOPOCTBIO.

[TycTh Hy/leBOe COOCTBEHHOE 3HAUYeHMe MaTpUIlbl A
rnpocroe. JJoCTaTOYHO pacCMOTPEeTh IBa CJIy4yast MaTPULLbI
A w3 myHKTa 3 1ipu aTom 4 = (aq,0,0).

B nepBom ciyuae uy = aj, v1 = MYy, w1 = Axz1 Ypas-
HeHus (2) MIPUHUMAIOT BUZ,:

D1S1 = a151x, + My1S1y, +M221512, =0,
DiVy = V1(3 + M+ 7\2),
Vipy, = —a1, Vipy, = =M (M + 1)y,

lezl = —)»2(%2 + 1)21 = (10)
a1V, = M (M + 1)y1Vigy,
11 Viz, = ha(ha + 1)z Vi,
M (ho + 1)Z1V1y1 =M+ 1)y1V121.
Ecom a1 #0, M # -1, To ypaBHenus (10)
MIPOTUBOPEUMBBIL.
Eum ay =0, A # —1, A # Ay, TO ypaBHeHus (10)
MIPOTYBOPEUMBBI.

Ecmma; =0, =M =L# —1,TO
Vi =W, J=y+4,
p=pot 3V W0+ 1JE = PV E,S) =
S1(J) = Sp = const, A # —3.

TTonyyaem ABVOKeHME YaCTUI X = Xot, ¢ = ¢, ¥ = ro|t|*!
B IIONYIUIOCKOCTM @ = oy II0 CTEIIeHHOI TPaeKTOpPUu
r = rolxxy M.

Ecmma =0, M = -1, A=W # —1,TO

—1
Vi=Volzn|"T, S =5,

(L +1) o1
|z, A #£2
A=2
Yactuna [gBuraerca C MMUPOBOM JIMHUEN X = Xof,
Y = Yo, z = zo|t|**! mo mockoii cTenenHoi TpaekTOpUM

p=po—Vy'
611'1|Zl|,

z = zo|xxy ML
Ecmu a1 #0, M = —1, A # —1, 1o ypaBHeHus (10)
MIPOTYBOPEUMBBIL.

Ecoma; #0, M = A = —1,TO
Vi = Vet 11, Sy =S,
p=rpo+ Vofla%e"’lfl"1 =po+ u%V{l.

YacTuiipl AOBUTalOTCS BOOJAb OCU  X:
x = t(xp +ayIn|t]).

Y =Yoo, zZ= 20,

Bo BTOpOM Cilyyae maTpuiibl A U3 IyHKTA 3: U = a1,
vy = ayy + bzy, w1 = —byy +azy, b # 0, cuctema (2) B Iu-
JIVMHAPUYECKUX KOOpAMHATAX Y1 = 11 COS P1, 21 = 11 sin 01
MIPUHMMAaeT BUL:

D1S1 = a1S1x, +ar1S1,, — bS14, =0,
D1V1 = V1(2a + 3),
lex1 = —daq, lei’l =N (az +a— bz)/
Vipg, =13b(2a+1)

C YCJIOBUSAMMU COBMECTHOCTU

(11

alVlrl =T (le +a— bz)lel,
alvlcpl = —b(Za + 1)7‘%‘/13(1,
(4 +a—b*)Vig, +b(2a+1)r1 V4, = 2b(2a — 1) V1.

Ecm a; # 0, To uckioyas mpousBogHble Vi, , Vi, U3
I0C/IeJHEr0 PaBEHCTBA, ITOTYyYUM

1
Vlalb(Za + 1) =0=a= —E, Vl(p1 =0.
VpaBHeHue gy Vq B (11) unterpupyem V; = rf4F(]),
xfl
J = r1e? . OcTaBiieecs ypaBHeHMe 15 V;

2a3(—4F + JF') = —13JF' <b2 + i)

pacuierisieM 1o cBO60IHOI IepeMeHHol r1: F/ = 0 =
a1 = 0 mpoTuBopeune.

Ilyctb a1 = 0. Torma Vi, = 0 = py,, a # —1 n ypaBHe-
HUS 17151 V] COBMECTHbI:

_ 3b(2a+1)
= Vyrlte ke = AT )
Vi = Vorje T, k (a+1)(a%2 +b2)’
_ b*(2a—1)+a(a+1)(2a+3)
(a+1)(a2 +b2)

NuTerpupyem ypaBHeHus (11)
1
p=rot3Vp (a+1)(@®+ b7 "ekn =
1 _
=po+3(a+ 1)(a® + ¥V ' =P(W, S1),
S = G(rle”bflqjl) = r?% =
= GUD(S) V™ V-

Orcioza omnpezensieM ypaBHeHMe cocTosiHust p = P(Vy, Sq),
IIJI1 KOTOPOIO Hal[eHo pelieHne

u=uxt"1, v="t"1((a+1)y+bz),
w=t"1(=by+ (a+1)z).

B OUINHOPUYECKUX KOoOopauHaTax
zZ=r Sil’l(p YaCTMUIbI ABUTAIOTCA I10 3aKOHY:

Y = rcosq,

r=rot|""!, ¢ =qo—0bln|t|, x = xot.

Tpaekropusi — Jsorapudmmuyeckas Cnupamb r =
roexp(b~(a + 1)(qp — @)) Ha CTENEHHO/ MOBEPXHOCTH
BpauteHus r = rolxx, *1.
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7. 3aknwueHue

PaccmoTpeHbl Bece cirydayu ypaBHEHUI COCTOSTHUS, IJIST

KOTOPBIX CYILECTBYIOT PelleHUs C IMHeHbIM [10JIeM CKOPO-
CTeil 1711 aBTOMOJIe/IbHOM ITOAMOZ eI YpaBHeHUI1 ra30Boil
JIVHaMMKY. BO3SMOXKHBI IBVKEHMS 4aCTHLL 10 JIydaM U KBa-
3MJTy4aM, IUVIOCKMM CTeIIeHHBIM U CIIVPAJIbHBIM TPaeKTO-
pUSIM, IPOCTPAHCTBEHHBIM CIIVPAJIbHBIM TPAeKTOPUSM Ha
TIOBEPXHOCTY BpallleHus CTelleHHOM KpuBoiil. Takue pelie-
HMSI OTHOCSITCS K Kaccy nuddepeH1MaaibHO MHBAPUAHT-
HBIX JIJIs1 YpaBHEHMII Fa30BOI IMHAMMKY KaK UAealbHO,
TaK ¥ C IIOCTOSIHHOM BSI3KOCTBIO.
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The analysis of the development indicators of the Tournaisian deposit

A.E. Fetisov™, S.Z. Anokhina
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The purpose of the present investigation is to analyze the development indicators of the Tournaisian reservoir of the Ural-Volga oil field. To
complete this task, a large array of data is required, which has been obtained from the Technological Development Project. Numerical
calculation is performed using software code implemented in the Python programming language with the material balance method. To
minimize the material balance error in the software code, the optimize.minimize function of the SciPy library has been applied with the help
of the L-BFGS-B method. The analysis of current development indicators has shown uneven development of the reserves of the Tournaisian oil
deposit, as well as a positive effect of injection on the process of fluid displacement from the formation. In this paper, a material balance model
has been constructed and adapted to the forecast date. As a result, the average error in the adapted parameters is 3,7%. To make a forecast
for the development of the Tournaisian oil deposit, a dependence of the water cut of well production on the oil recovery factor based on core
material has been constructed. The graphs of the arithmetic mean and maximum values of the absolute deviation module of the calculated
water cut from the actual one, obtained due to a retrospective forecast of the synthesized from the Technological Development Project data
of hydrocarbon fields at different stages of development are shown. It has been found that water cut of 98% achieved at a oil recovery
factor equals to 0,335. The dependence of the reservoir flooding dynamics on the oil recovery factor has made it possible to forecast the
technological development indicators, including the calculation of the dynamics of annual and cumulative oil production, as well as reservoir
pressure. As a result of the calculation, the accumulated oil production has amounted to 649 thousand cubic meters with a water cut of 98%.

Keywords: the Tournaisian reservoir, development indicators, the material balance method, water cut forecast, oil recovery factor, relative
phase permeability, numerical study

1. Introduction

Flooding of an oil deposit is one of the main problems

importance. The volume of data accumulated over the years
of operation allows us to adjust mathematical models to

faced by a subsoil user during field development. As a result
of well flooding, the level of oil production decreases, which
may lead to the unprofitable nature of the development of
this well. In this regard, it is worth paying attention to the
factors affecting water breakthrough to production wells
and contributing to the growth of water cut [1].

The main factors affecting well flooding are:

violation of the tightness of the production casing;

water ingress through a leaky annular space from over-
lying or underlying aquifers;

pulling up the bottom water cone;

ingress of contour or injected water;

behind-the-column circulation in the interval of the
productive formation.

Currently, many hydrocarbon deposits are at the stage
of declining oil and gas production, which is a consequence
of intensive development at the initial stages. In this con-
text, forecasting future production volumes is of particular

real conditions, as well as to develop forecasts for further
operation, including the use of modern technologies for
maintaining reservoir pressure.

To solve urgent problems, such as control and regula-
tion of development processes, analysis of current indica-
tors and forecasting of field development, various methods
are applied such as: statistical, analytical, geological and
hydrodynamic modeling.

Statistical forecasting methods with displacement char-
acteristics are widely implemented to forecast technological
indicators of hydrocarbon deposit development in the con-
ditions of imperfect geological and field information. For
deposits in the early stages of development, displacement
characteristics obtained on the basis of analysis of actual
field data may have low predictive ability [2].

The main advantage of these methods is the high ad-
equacy of the description of actual values from the Tech-
nological Development Project (TDP) [1] by the mathemat-
ical model due to its low requirements for the volume of
input data [3].

In the work [4] the displacement characteristics, which
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are functional dependencies of technological indicators of
development and description of fluid filtration in the reser-
voir for a given development system, can be determined
basing on the analysis of the actual values of TDP and ac-
tual values of hydrocarbon deposits; results of the labora-
tory studies of core and formation fluids of hydrocarbon
deposits; data from analog deposits. But the efficiency of
determining displacement characteristics is significantly
affected by the quality of geological and production data
and the current state of field development.

In practice, the determination of displacement char-
acteristics using actual values of technological indica-
tors of hydrocarbon deposit development has become
widespread [3]. However, the received functional dependen-
cies may have low predictive ability in the case of deposits
at early stages of development.

The analytical methods of predicting water cut are
among the main methods because they help an engineer to
make calculations in the field with a satisfactory degree of
convergence of results. There are various analytical meth-
ods for forecasting the development of deposits, a classic
example of which is the material balance. This is a universal
method that allows to take into account the fluid that is in
the formation, as well as extracted from the reservoir during
development. The examined Schilthius material balance
method [5] provides conducting the necessary calculations.

Geological and hydrodynamic modeling is an integral
part of the analysis and design of oil field development; the
use of modeling and its role are determined by the features
of the geological structure and the state of development of
production facilities [6]. The main objective of the model-
ing is to justify geological and technical measures in the
medium and long-term development prospects, and to opti-
mize development systems for depleted fields using modern
technologies for optimizing flooding and tertiary methods
for enhancing oil recovery.

There are many approaches to forecasting the perfor-
mance of oil fields [7-10]. This research considers the mate-
rial balance method [5], which allows for a detailed descrip-
tion of the process of fluid displacement from the reservoir.
This method is one of the most promising for analyzing
and predicting development indicators. It is based on the
law of conservation of mass. Calculations let the fluid con-
tained in the system, as well as entering and exiting it. For
a better understanding, the reservoir can be imagined as a
large elastic reservoir, the contents of which change during
the development of the field. The fluid in the reservoir can
compress and expand along with its storage [11].

Thus, the purpose of the present paper is to analyze
the development indicators of the Tournaisian reservoir of
the Ural-Volga oil field.

2. Problem statement

This research work deals with the material balance
method based on the Schilthius equation [5], which can

be written as follows:

By — By
N(B: — By;) + NmBy; | 55" ] +
B,;

(Btw_Btwi>+NthiSWig (Btw—Btwi>+

4 N BiiSwio
By 1_Swig Biawi

1_Swio

1 m
BiicfAP =
N (1 — Swio * 1- Swig) Hef

NpRsoBg + [Gps Bg + GpcBge — G;Bg| —
- (We + Wi - Wp)Bw/

where B, is the gas volume factor, B, is the gas volume
factor in the gas cap, Bé is the injected gas volume factor,
B, is the oil volume factor, By = B, + (Rs,-?Rso)Bg is the
composite oil volume factor, By; is the initial value of By,
Biw = By + (Rswi?Rsw)Bg is the composite water volume
factor, By, is the water volume factor, ¢ 7 is the compress-
ibility of the reservoir (rock), G is the initial gas reserves
in the reservoir, G; is the cumulative gas injection, G is
the cumulative gas production from the gas cap, Gy is the
cumulative production of gas dissolved in oil (evolved gas),
m is the ratio of the gas volume to the volume of oil in the
reservoir, N is the initial oil reserves in the reservoir, Ny
is the cumulative oil production, R, is the gas content of
oil, R,; is the initial gas content of oil, Ry, is the gas con-
tent water, Ry, is the initial gas content of water, S, is
the gas saturation, S, is the oil saturation, S, is the water
saturation, S, is the initial water saturation, S, is the
initial water saturation of the gas cap, S, is the initial
water saturation of the oil zone, We is the accumulated vol-
ume of aquifer water injected into the formation, W; is the
accumulated water injection, W, is the accumulated wa-
ter production, AP is the pressure change, P; is the initial
reservoir pressure, P is the reservoir pressure.

= N,B, —

3. Methods and approaches

To analyze the development indicators of the Tour-
naisian reservoir of the Ural-Volga oil field, a large array of
data is required, which have been obtained from TDP [1].
The calculation of the above equation is performed using
a program implemented by the author of this work in the
Python programming language [12, 13]. The variables for
the material balance equation are given in Tab. 1.

Table 1. Energy state indicators of the Tournaisian stage

Indicator The object
as a whole
Initial reservoir pressure, MPa 19,0
Average weighted reservoir pressure, MPa 18,2
Change, MPa / % 0,8/4,2
Accumulated compensation, % 167,0
Current compensation, % 283,4
Number of operating wells
mining 15
injection 5
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Table 2. Adaptable parameter boundaries

Adaptable parameter Border (multiplier)
Lower limit (units) | Upper limit (units)
Reservoir pressure 0,01 100
Initial Recoverable Reserves 0,99 1,01
Compressibility coefficient of the formation 0,1 10

Having calculated all the necessary coefficients for each
of the years of field operation (1984-2011), the final ma-
terial balance equation is compiled and solved relative to
the volume of initial reserves N.

Thus, when comparing the obtained values of the equa-
tion and the actual values of N given in the development
project, the correctness of the obtained reservoir model
can be verified.

Having received a table for the initial reserves N, a de-
viation is observed from the indicators presented in the TDP.
These deviations can be explained by the inaccuracy of deter-
mining the coefficients, as well as inaccurate measurements
of reservoir pressures. To solve this problem and correctly
adapt the model, the following method is proposed.

By solving the material balance equation relative to
zero, the obtained values of the above parameters allow us
to minimize the error, thereby adapting the model under
consideration to real conditions. The following boundaries
of the adapted parameters are used in the work (Tab. 2).

To minimize the material balance error, the opti-
mize.minimize function of the SciPy library has been ap-
plied in the program code, using the L-BFGS-B method. The
BFGS-B method is an iterative method of numerical opti-
mization, named after its researchers: Broyden, Fletcher,
Goldfarb, Shanno [14]. This method belongs to the class of
so-called quasi-Newton methods. Unlike Newtonian meth-
ods, quasi-Newton methods do not directly calculate the
Hessian of the function, i.e. there is no need to find partial
derivatives of the second order. Instead, the Hessian is cal-
culated approximately, based on the steps taken so far, since
this method allows us to optimize the function in the pres-
ence of boundary conditions for the adapted parameters.

As a result of optimization, the following values of
the parameters under consideration have been obtained
(Tab. 3).

4. Numerical results

The recoverable oil reserves of the Tournaisian stage
were practically independent of the year of operation and
their value was approximately equal to 1,84 million m3. The
graph of the drop in estimated and actual reservoir pres-
sures is shown in Fig. 1.

The average values of the parameters from 1987 to
2017 years of development have been selected as optimized
parameters, since small values of cumulative production in
the first years of development can lead to a significant error
in solving the material balance equation.

Based on the above, the material balance model can
be considered adjusted, since it describes the development

history and the mechanism of displacement of reservoir
fluid with satisfactory accuracy. The next stage of the work
is forecasting the development of the field.

For a more correct and accurate development forecast,
it is necessary to set parameters that would fully reflect
the process of fluid displacement from the formation. So
it is significant to calculate the oil recovery factor (ORF)
from the formation. By comparing calculated and actual
coefficients, the mathematical model of the reservoir can
be adjusted to historical development data [15].

To calculate the numerical ORF, it is necessary to know
the characteristics of oil displacement by water. An ex-
tremely important parameter in constructing displacement

Table 3. Adaptable parameters

Reservoir | Initial recoverable | Compressibility
pressure, reserves, coefficient,

(atm) (million m3) (107> - 1/atm)
192,0 0,00 20000000
169,8 1,94 4514
166,2 1,94 385,0
160,0 1,94 307,9
154,1 1,94 259,0
149,9 1,94 234,7
148,8 1,94 234,6
148,5 1,94 234,6
149,1 1,94 234,7
150,7 1,94 236,4
152,6 1,94 2453
153,6 1,94 258,7
154,0 1,94 265,3
154,1 1,94 259,8
153,2 1,94 251,6
151,8 1,94 236,0
152,1 1,94 234,6
152,3 1,94 234,4
151,7 1,94 234,4
152,8 1,94 2343
152,9 1,94 2343
152,9 1,94 234,3
151,9 1,94 234,3
151,6 1,94 234.,4
153,5 1,94 2344
154,9 1,94 234,5
157,6 1,94 234,6
160,9 1,94 259,0
167,0 1,94 306,0
171,9 1,94 352,7
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Table 4. Relative phase permeabilities for oil and water

Water saturation | RPhP for water | RPhP for oil
of pore space
0,08 0 1
0,23321 0,02401 0,40534
0,28642 0,03534 0,24488
0,33963 0,05233 0,15049
0,39284 0,07687 0,08253
0,44604 0,1033 0,04289
0,49925 0,12595 0,01646
0,55246 0,15238 0,00513
0,60567 0,19391 0,00513
0,651 0,24488 0
0,8595 0,64321 0
1 1 0
characteristics is the relative phase permeability

(RPhP),which is found with a calculation based on the
data presented in the development project (Tab. 4).

Obtaining generalized RPhPs occurs through the use
of the Corey power model [16]:

Krw = KRWR - (§"orm)ym,

Kro = KRORW - (1 — §"rmyme,

S; — SWL
1 - SOWCR — SWL"
Based on the least squares method, the parameter val-

ues of nw and no, corresponding to the best approximation
of the model curves to the experimental data, are obtained

(Fig. 2):

norm __
Si -

S; — 0,178 444
1-0,376 — 0,178 '

Krw(S;) = 0,277 - <

. Ss—0178 M
1-0,376—0,178 )

Using the dual permeability model [17], and also having
the RPhP values for the pore space, a graph of the depen-
dence of water cut on ORF can be obtained. As a result of the
calculations, a water flow curve for the N field, considering
filtration both in the matrix and in the fracture space, can
be constructed. The water cut curve is constructed basing
on core study data; at the initial moment of time, the wa-
ter saturation of the reservoir exceeds the associated water
saturation, thus the theoretical water cut curve does not
start from zero. The nature of this curve is affected by the
permeability of fracture and pore space. Studies are carried
out for several permeability ratios as shown in Fig. 3.

With an increase in the ratio of matrix permeability to
the fracture, a characteristic decrease in the convex part
of the water cut curve and an increase in the ORF (upon
reaching a water cut of 98%) occurs, which is obviously as-
sociated with the greater role of the oil-saturated matrix in
the total inflow. In the case of a lower permeability ratio,
the convex part rises and the ORF decreases (upon reaching

Kro:1~(1
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a water cut of 98%). Since a decrease in the ratio between Years

the permeabilities of the matrix and the fracture results Figure 5. Dynamics of reservoir pressures
in an earlier breakthrough of water, which causes an in-

crease in the water content of the product, affecting the

decrease in the ORF.

In order to optimize the actual and theoretical ORF, 10 -6
the model parameters have been adapted. As a result, the
following graph of the dependence of water cut on the ORF
has been obtained (Fig. 4), corresponding to a permeability
ratio of 5, which clearly describes the historical dynamics
of water cut.

0.8 1

0.6
The calculation of the field development forecast will

be performed basing on the recommended forecast option
presented in the TDP. This option involves drilling three
sidetracks and one horizontal sidetrack, as well as transfer-
ring two wells from other sites into production and putting
one production well into production. Drilling of an injec-
tion sidetrack and commissioning of three injection wells.
Maximum oil production is 600 thousand tons. The fore- 0.0 ' ' | . |
cast is made until the water cut of the production reaches 2000 2020 2040 2060 2080 2100
98%. The block diagram of the calculation step of the algo- Years

rithm for forecasting the development indicators of a field
based on the material balance equation is presented in the
work [18]. The calculation of the RPhP for oil and water
has been carried out basing on the parameters no and nw
adapted to the development history. The number of produc-
tion and injection wells corresponds to the recommended
development option. The productivity and injectivity coef-
ficients are taken to correspond to the dynamics of annual
fluid withdrawals and injection. For predictive calculations,
boundary conditions at production wells are used in the
form of constant fluid flow rate, and at injection wells they
are used in the form of constant bottomhole pressure.

0.4 4

0.2 1

Cumulative oil production, m?

Figure 6. Dynamics of cumulative oil production
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The values of reservoir pressures, cumulative oil pro- 10000 1

duction, and annual oil production are presented at Figs. 5,
6 and 7, respectively.

Annual oil production, m?

5000 A
Next, a comparison has been made between the cal-

culated forecast for the development of the Tournaisian
deposit and the forecast according to the state plan pre-
sented in the field development project. The comparison is
based on the main parameters: cumulative oil production,
annual oil production, ORF, and water cut. For a visual Figure 7. Dynamics of annual oil production
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comparison of the calculated parameters, graphs of the de-
pendence, reflecting the forecast made using the material
balance method, as well as the forecast based on data from
the state plan, are presented in Figs. 8, 9 and 10.

The difference in the behavior of the curves shown in
the graphs can be explained by the inaccuracy of the pa-
rameters describing the reservoir, such as c¢, m, and by the
inaccurate determination of the initial recoverable reserves.
This is also influenced by the difference in depression on
the reservoir for injection and production wells proposed
in the state plan and in the forecast.

Of course, the inaccuracy of the injectivity and pro-
ductivity coefficients of wells, selected on the basis of the
calculated volumes of water injection and oil production,
respectively, also has an impact. It is also worth noting that
in the TDP the various geological and technical measures,
including repair and insulation work, which also affect the
achievement of the final ORF and the dynamics of annual
and cumulative oil production, are provided. According to
the author’s calculation, performed with the help of the
material balance method, when adapting the model from
1987 to 2017, these events have not been taken into account.
Therefore the ORF achieved in the calculation (0,335 with
a water cut of 98%) is representative for the development
of the deposit using the existing development system with
the introduction of design wells.

5. Conclusion

The analysis of current development indicators has
shown uneven development of reserves of the Tournaisian
oil deposit, as well as a positive effect of injection on the
process of fluid displacement from the formation.

In this research a material balance model has been con-
structed and adapted to the forecast date. As a result, the
average error in the adapted parameters is 3,7

To make a forecast for the development of the Tour-
naisian oil deposit, a dependence of the water cut of well
production on the ORF has been constructed basing on
the core material. Having investigated the obtained depen-
dence, one can conclude that water cut of 98% is achieved
at ORF equals to 0,335.

Based on the obtained dependence of the reservoir
flooding dynamics on the ORF, a forecast of the techno-
logical development indicators has been made. This fore-
cast includes the calculation of the dynamics of annual and
cumulative oil production, and reservoir pressure. As a re-
sult of the calculation, the accumulated oil production has
amounted to 649 thousand cubic meters with a water cut
of 98%. The forecast data do not take into account vari-
ous geological and technical measures aimed at eliminating
water breakthroughs, as well as leveling the inflow profile,
in connection with which the recovery factor obtained in
the author’s calculation is somewhat less than the recovery
factor presented in the state plan. Nevertheless, this calcula-
tion is representative for the development of a deposit using
an established system with the introduction of design wells.



32

A.2. ®etuncos, C.3. AHOXMHa

20 (2025) 1 MHorodasHble cucTembl

References

1]

[2]

[3]

[4]

[3]

(6]

[7]

Géron Au. Hands-On Machine Learning with Scikit-Learn and Tensor-
Flow. O'Reilly Media, Inc., 2017. 572 p.

Fetisov A.E., Khatmullina R.S. Research of numerical indicators for the
development of the Asselskaya area of Orenburg oil and gas conden-
sate field using the material balance method. Multiphase Systems. 19
(2024) 1. 1-6.

DOI: 10.21662/mfs2024.1.001

Kharisov M.N., Karpov A.A,, Petrov S.V,, Darii S.D. [Algorithm for the De-
termination of Displacement Characteristics] Algoritm opredeleniya
optimal'nykh kharakteristik vytesneniya. Neftyanoe khozyaistvo — Oil
Industry. 2018. No. 5. Pp. 56-59 (in Russian).

EDN: XNSWWV

Garifullin A.Sh., Kurmakaeva S.A., Rodin V.I. The Use of Empirical De-
pendences in the Design of the Krasnokholm Group Field Develop-
ment. Collection of Scientific Papers: Problems of Geology and Devel-
opment of Oil Fields in Areas with Dwindling Resources. Ufa, BashNIP-
Ineft’ Publ. 1989. Pp. 81-86 (in Russian).

Schilthuis RJ. Active Oil and Reservoir Energy. Transactions of the
AIME. 118 (1936) 01. 33-52.
DOI: 10.2118/936033-G

Zakirov R.Kh. Role of geological-hydrodynamic modelling at design-
ing of oil field development // Georesources. 32 (2009) 4. Pp. 34-36
(in Russian).
EDN: kxykgl

Muskat M. The Flow of Homogeneous Fluids through Porous Media.
McGraw-Hill Book Company, 1937. 763 p.

(8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

Peaceman D.W. Fundamentals of Reservoir Engineering. Elsevier Sci-
entific Publishing Company, 1977. 176 p.

Mohaghegh S. Data-Driven Reservoir Modeling: A New Paradigm in
Reservoir Management. Society of Petroleum Engineers, 1945. 166 p.

Arps JJ. Analysis of Decline Curves. Transactions of the AIME. 160
(1945) 01. Pp. 228-247.
DOI: 10.2118/945228-G

Technological project for the development of ONGCM. LLC VolgoUral-
NIPIgaz, 2012 (in Russian).

Lutz M. Learning Python, 4th edition. O'Reilly Media, Inc., 2009. 1213 p.

Nocedal J., Wright StJ. Numerical Optimization, 2nd edition. USA:
Springer, 2006. 684 p.

Fanci J.R., Christiansen R.L. Introduction to oil production technology.
Hoboken, NJ: John Wiley & Sons, 2009. 290 p.

Mishchenko I.T. Calculations in oil and gas production. Moscow: Neft’
i gaz. 2008. 296 p. (in Russian).

Corey A.T. The Interrelation between Gas and Oil Relative Permeabil-
ity. Producers Monthly. 19 (1954) 1. 38-41.

Gu Sh,, Liu Yu., Chen Zh., Ma C. A method for evaluation of water flood-
ing performance in fractured reservoirs. Journal of Petroleum Science
and Engineering. 120 (2014). 130-140.

DOI: 10.1016/j.petrol.2014.06.002

Dake L.P. Fundamentals of reservoir engineering. Amsterdam: Else-
vier, 2003. 496 p.

Information about the Authors

Andrey E. Fetisov

Ufa State Petroleum Technological University, Ufa, Russia
andreyfetisov200026@mail . ru

ORCID: 0009-0004-4659-3902

Svetlana Zagirovna Anokhina
Ph.D. (Philological)
Ufa State Petroleum Technological University, Ufa, Russia
Globusexterngyandex.ru
ORCID: 0000-0002-7436-120X


https://doi.org/10.21662/mfs2024.1.001
https://elibrary.ru/XNSWVV
https://doi.org/10.2118/936033-G
https://elibrary.ru/kxykgl
https://doi.org/10.2118/945228-G
https://doi.org/10.1016/j.petrol.2014.06.002
mailto:andreyfetisov200026@mail.ru
https://orcid.org/0009-0004-4659-3902
mailto:Globusextern@yandex.ru
https://orcid.org/0000-0002-7436-120X

ISSN 2658-5782 20 (2025) 1: 33-44

httpy//mfs.uimech.org/mfs2025.1.006 MonyueHa / Received 3.02.2025
DOI 10.21662/mfs2025.1.006 MpuHaTta / Accepted 13.03.2025 BY

YOK /UDC 621.865.8, 004.942

CuHTe3 KOHCTPYKUMUN UHCNEKUWHMOHHOIo MmoaAyJ/ibHOro p060Ta

H.O. prrno::l'2 , I.P. Bormaxos ™, W.LLI. Hacuﬁynnaes3

1 MHcTUTyT MexaHuku um. P.P. MaBniotoBa YOULL PAH, Yoba

2 YbuMckunit rocyaapctBeHHbIM HebTSHOM TeEXHUMYECKUMI YHUBepcuTeT, Yba
3 YPUMCKMIA yHUBEPCUTET HAYKK M TexHonorun, Yoa

E-mail: dr_bog@mail.ru

B pabote npencraBneHa MeToAMKa NPOEKTUPOBAHMUS KOMMNbIOTEPHbIX MoAeneit MobunbHbIX poHOTOB NpefnaraeMoi KOHCTPYKLMK, @ TaKxKe
NMoKasaHbl pe3ynbTaTbl KOMMbIOTEPHbIX CUMYASILMIA C UCMONb30BAHWMEM aiTOPUTMOB MO OMpeaeneHnto TpaekTopum ABMxeHus. MeTtoamka
BK/IHOYaET B cebs co3aaHne KOHCTPYKLMM MOAYNbHOrO poboTa C MCMOMb30BaHMEM CUCTEMbI NPOeKTUPoBaHuMs Solidworks, ero koMnbloTepHOM
Mozenu B nakeTte nporpammupoBaHusg ROS 1 npoBesneHne cumynsaumm noBeaeHUs nonyvyeHHon moaenu B cpene Gazebo. PaspabotaH anroputm
nepemeLleHns MOAYIbHOrO KONeCHOro po60Ta, COCTOALLEro U3 MOAY/eN C MOABWUXKHOM KonecHol napoi. MpeumyliectBom npeanaraemMoi
peanu3aumm KOHCTPYKLMU MOAy/ei N0 CPaBHEHWUIO C MOAYNSMU C PUKCUPOBAHHOM KOMIECHOM Napoi SBASETCS TO, YTO BELOMble MOAYNU
nprvobpeTatoT BO3MOXHOCTb TOYHOTO NOBTOPEHUS TpaeKTopuu BeayLiero moayns. CefcTBUeM Yero SIBASKOTCS NOBbIWEHWEe NPOXOAUMOCTH
npu ABMXKeHUM poboTa Ha NIOCKOCTM € 06X040M NPENSTCTBUI U YBEIUYEHUE TOUHOCTU BbINONHEHUS paboTbl (KCKAaHMPOBaHMEY» NOBEPXHOCTH,
PEMOHT, O4YMUCTKA M T.4.) NPW €ro UCNoNb30BaHUM B Ka4yecTBe TPYOHOro MHCNEKLMOHHOrO poboTa. Pe3ynbTaTbl KOMMNbIOTEPHOM CUMYNSLUMM
nokasasnu, 4To NoBefeHne NosyYeHHOM Moaenu poboTa COOTBETCTBYET BbIYUC/IUTENbHBIM 3KCMEPUMEHTaM, NPOBeLeHHbIM Ha 6a3e paHee
pa3paboTaHHbIX MaTeMaTUYeCcKUx Mofenei. B ctaTbe packpbIThbl BCe 3Tanbl METOAMKM B MPUMEHEHUU K pa3paboTke KOMMNbOTEPHO MOAENU
KONeCHOro MoaynbHoro MobunbHoro poborta. B xoae npoBefeHHbIX CUMYNsaUMiA BblN0 NOATBEPXKAEHO, YTO HAaMYME MOBOPOTHBIX Konec-
HbIX Nap B MOAyNsiX poboTa AeNCTBUTENIbHO MO3BOASET UCKIOUYNTD OTKNOHEHWS TPAeKTOpUiA BEAOMbIX MOAY/el OT TpaeKTopuM BEAYLLErO
mMoayns. C y4eTOM MOoNyYeHHbIX pe3ynbTaToB NOCTPOEH MAaKeT TPEX3BEHHOr0 KosfieCHoro poboTa Ha 6a3e Mopynen C MOABUMXKHOM Konec-
HoOM napoi. [1ng nposepku pabotocnocobHOCTU COBPaHHOIO MakeTa U KOPPEKTHOCTM YCTaHOBKM NPUBOAOB cOBpaHa ynpasaaioLwas cxema
Ha 6ase oTnapgoyHoi nnatel STM32F407 Discovery u apaiiBepoB LaroBoro asurartens. [lokasaHbl BO3MOXHOCTU NPUMEHEHWUS METOAMKM
[ANS NPpOBeLleHMsl KOMMbIOTEPHbIX 3KCNEPUMEHTOB MO UCCEL0BAHUI0 KUHEMATUKU U AMHAMUKKM NEPCNEKTUBHbIX KOHCTPYKLUMIA MOAYNbHbIX
po60TOB B paboumx MpOCTPaHCTBax CO C/OXHOM TOMOAOrMeN, Hanpumep, B TpybonpoBoaax.

KnioueBble coBa: MO6U/bHbIN MOAY/bHbIA KONECHbI po60T, MaTeMaTMHYeCKas M KOMMbIOTEPHAA MOAENb, NpoToTin pobota, ROS, Gazebo

Pabota BbinoNHEHa B paMKax rocynapcrBeHHoro 3aganums N2 123020700078-8 (FMRS-2023-0016).

Synthesis of an inspection modular robot’s design

N.O. Kruglov'?, D.R. Bogdanov' ™, I.Sh. Nasibullayev’

! Mavlyutov Institute of Mechanics UFRC RAS, Ufa
2 Ufa State Oil Technical University, Ufa
3 Ufa University of Science and Technology, Ufa

E-mail: dr_bog@mail.ru

The paper presents a methodology for designing computer models of mobile robots, and also shows the results of computer simulations
using mathematical algorithms to determine the trajectory of the robot. The methodology includes creating a modular robot design using
the Solidworks design system, creating its computer model in the ROS programming software, and simulating the behavior of the model
in the Gazebo simulation environment. An algorithm for moving a modular wheeled robot consisting of modules with a movable wheel
pair has been developed. The advantage of this algorithm compared to the previous one (with modules with a fixed wheel pair) is that
the slave modules follow strictly along the trajectory of the leading module. This increases the cross-country ability when the robot
moves on a plane bypassing obstacles and increases the accuracy of work (scanning, repair, cleaning, etc.) in the configuration of a pipe
inspection robot. The simulation results showed that the behavior of the robot model corresponds to computational experiments conducted
on the basis of previously developed mathematical models. The technique was applied to the development of a computer model of a
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wheeled modular mobile robot. During the simulations, it was found that the presence of movable wheel pairs in the robot modules
allows eliminating deviations in the trajectories of slave modules from the trajectory of the leading module. Taking this into account, a
model of a three-link wheeled robot was built based on modules with a movable wheel pair. To check the operability of the assembled
model and the correctness of the drive installation, a control circuit was assembled based on the STM32F407 Discovery debug board
and stepper motor drivers. The resulting technique can be used to conduct computer experiments to study the kinematics and dynamics
of the developed designs of modular robots in workspaces with a complex topology, for example, in pipelines.

Keywords: mobile modular wheeled robot, mathematical and computer model, robot prototype, ROS, Gazebo

1. BBepeHue

BosnbIrast 4yacTh MaTepMaIbHBIX PECYPCOB ¥ SHEPTOHO-
CuTesIelt A1k COBPEMEHHOTO ITPOMU3BOAICTBA AOCTAB/ISIETCS
WU pacrpeaesieTcss BHYTPY MPeapUsITHIi TOCPeICTBOM
pPasBUTOI CUCTEMOI TPyHOIIPOBOIOB, KOHCTPYKIMS KOTO-
PBIX U UCITOJIb3yeMble MaTepyasibl 3aBUCST OT TUIIA TPAHC-
TMOPTUPYEMBIX ITPOAYKTOB: BO3yX, BOJA, ra3, HedTernpo-
OYKTbI, OTXOAbI MIPOM3BOACTBA U T.HO. MHorue TexXHoJI0TUn
MMEIOT KPUTUUYECKYIO 3aBUCYMOCTD OT ITOCTAaBOK YHEPro-
HOCUTeJIel, T0TOMY Mo iep>kaHue paboToCIOCOOHOCTHU
TPyOGOTIPOBOMIOB (2 MMEHHO, MOCTOSIHHBII OTepaTUBHBbI
KOHTPOJIb, IIEpUOANYECKAs] IMArHOCTHUKA, TTpenyIpeskae-
HMeE aBapUMHBIX CUTYalMi1) SBJISETCS aKTyaJIbHO 3aa4ei,
peaynu3alysi KOTOpoii GOMBIIMHCTBOM KCILTYaTaHTOB (M.0.
CYOBEKTOB, OCYIIECTBIISIONIUX IKCIUTYaTaI[MI0) BUIUTCS B
MICIIOJIb30BaHUM CITELIMATU3UPOBAHHBIX POOOTOB 1 POOOTO-
TexHMueckux komiiekcoB (PTK). OT MarucTpaabHbIX Hed-
Tera3onpoBOIOB CUCTEMBI SKUIUITHBIX U TTPOV3BOCTBEH-
HbIX TPyGOIIPOBOAOB OTIMYAIOTCS GoJiee CJIOKHOM TOIO-
JorMedt, 60MbIIMM pasHOOOpa3MeM MaTepuaaoB U TUIIO-
pasMepoB UCIOIb3yeMbIX TPYO, UTO BedeT K HeoOXOomu-
MOCTHM pa3paboTku crenyupuueckux PTK, skcrtyaTalyoH-
HbIe XapaKTePUCTUKY KOTOPBIX JOJIKHBI YIOBIETBOPSITD
CJIeayomyM Tpe6GOBaHMUSIM :

e CcoXpaHeHMe BO3MOKXHOCTM 3(pheKTUBHOI paboThI B
MIMPOKOM AMarasoHe pa3MepoB Tpyo;

* BBICOKAsI TOJIEPAHTHOCTH K MaTepPUATy TPyOOIIPOBOAOB;

* BBICOKAS aIANITUBHOCTD K (hOpMe BHYTPEHHETO MPO-
CTPaHCTBA TPYOOIPOBOAA M HATTMUMIO MTPETISITCTBUIA;

* JIOCTAaTOUYHO BBICOKAsI CKOPOCTD TepeMeleHus (Yuu-
TBhIBast MPOTSDKEHHOCTD TPYOOIIPOBOIOB) M T.[I.

CymiecTBymolIye B HACTOSIILee BpeMsl MHCIIEKIVIOHHbIe
po6OTHI [1] MMeIOT psif, 0cOGeHHOCTe U OrpaHUYeHNI :

1. MaructpanbHble pOOOTHI UCTIOIB3YIOTCS B HE(DTEIPO-
BOJAX ¥ OPMEHTUPOBaHbI Ha TPYObI PUKCUPOBAHHOTO
JuameTpa C Majaoii KpMBU3HOM [2].

2. VHcnexkmoHHbIe pOOGOTHI UCIIOMB3YIOTCS HA 3aBOZAX C
TPy6OIIPOBOJAMMU CO CIOKHOI TOToIOTMEi. Takske po-
GOTBI COCTOSIT U3 TIOCTIEOBATEIbHO CBSI3aHHBIX aKTUB-
HbIX (06ecIeuynBaIOIINX IBVKEHE MOJYJIS C TIOMO-
MIBIO MIPVKMMAIOIIMXCS K CTeHKe TPYObl pagyianbHO
PacCIIONOXXEHHbIX KOJIeC) M MaCCUBHBIX ([J11 TIPOBefe-
HMSI CKAHMPOBaHUSI, PEMOHTA, OUUCTKY U T.II. CTEHKU

TPYObI) MOJTYJIe [3], MOTYT MEePEXOIUTh B OTBETBIIE-
HMUSI TPYOBI ¥ ABUTATHCS B TPYHAX C HEGOBIINM M3Me-
HeHMeM auamerTpa. Ecim oTBeTBIeHMe MMeeT 3HAUM-
TeJIbHO MeHbIINi [aMeTp, Y4eM OCHOBHasI Tpyba, TO
pOGOT He CMOKET B Hee TepeiiTu.

. 3a cueT cnenuaJbHOM PACIIOPHOI KOHCTPYKIIUU MO-

IylbHBbIE POOOTHI 11 MYHULIMIIATBHBIX TPYOOIIPOBO-
IIOB MOTYT paboTaTh B 6ojiee MIKUPOKOM JMaria3oHe
IuameTpoB Tpyo. Hampumep, B [4] JaHO omucaHue
po60Ta, COCTOSIIIETO U3 AKTUBHBIX Y MACCUBHBIX MO-
IyJieit, KOTOPbIii MOKET IepeMelaThest B Tpybax ¢
@130 + 200 MM, a B pabore [5] ripencraBiieH poboT,
COCTOSIILIVI U3 IBYX MOLYJIel, epemMelaolmnics B
Tpybax ¢ @300 + 500 MM co CKOpOCThIO 110 18 cm/c,
YTO MEHbIIIe, YeM Y KOJIECHBIX pPOOOTOB KJIaCCUUECKOIA
KOMIIOHOBKY;

. 3MeeHO,I[O6HbIe pO6OTbI COCTOAT 13 HECKOJIbKUX MOY-

Jiel M ABUTAIOTCS C TIOMOIIBIO TTOCTIeN0BaTeIbHOCTU
M3MeHeHMT KOHGUTYpaLyH, UTO OTPaHUYMBALT UX
CKOpOCTh NepeMelnieHus. B pabore [6] mpencraBieH
po6OT, CITOCOOHBII TTEPEMEIATHCS M0 BHYTPEHHEI
VIV BHEIIIHEe ! TOBEPXHOCTY TPYObI ¢ @7.5 + 30 cM co
CKOPOCTBIO 0 2 CM/C.

. MarHuTHbIE pO6OTbI YOEPKMBAKTCA Ha TIOBEPXHOCTU

TPYOBI C TOMOIIIHIO MAaTHUTOB U, ITO CPABHEHUIO C MO-
IYyJIbHBIMM POOOTaMM, MOTYT IepeMellaThCs 10 CH-
creme TPyoO ¢ 6oiee MUPOKUM AMATIa30HOM IMaMeT-
poB. B paborte [7] npexncrasieH poboT Aj1s1 iepeMelie-
HMUS B METaJZIMYeCKUX TPyOOIpoBoaax ¢ @5 + 125 cM.
[MpuMeHeHMe TaKUX POOOTOB B KOMMYHAJIbHBIX TPY-
60IPOBOAAX, M3TOTOBJIIEHHBIX B 6OJIbIIIEN CTeeHU U3
HeMarHUTHBIX MaTepUaioB, CUILHO OrPaHUYEHHO.

. KonecHbie po60Tbl MOTYT pa3BMBaTh CKOPOCTh, TOCTA-

TOYHYIO /IS TIepeMeIeHNs 0 MPOTSKEHHBIM TPy60-
MMPOBOJIaM, HO MMEIOT OTPaHMYEHHYIO ITPOXOAVMOCTD,
CBSI3aHHYIO C leeKTaMM TOBEPXHOCTY U MPETISITCTBU -
SIMIA.

. Tlo CpaBHEHUIO C KOJIECHBIMM pOGOTaMI/I r'yCeHMYHbIE

pPO6GOTHI UMEIOT GoJIee BHICOKYIO MTPOXOAMMOCTD, HO
MEHBIIIYI0 CKOPOCTh IepeMelle s TPy 3HaUUTe Tb-
HOM pacxoje sHepruu. Kpome Toro, BbiCcOKast cuia
TPEeHUSI TYCEHUI IIPY KOHTAKTE C [IOBEPXHOCTHIO TPY-
ObI MOJKET ee TTOBPEUTb.
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Jly1s1 IpeoiosieHus 3TUX OrpaHUYEeHMIi aBTOpaMu pa-
60ThI 6blTa TIpeAJIOKeHa HOBAst KOHCTPYKIMSI MOTYIbHO-
ro KojiecHoro po6ota (MKP), KOTOpbIii IIepeMeIiaeTcs 1o
BHYTpPEHHE MOBEPXHOCTU TPYOBI IO TPAEKTOPUM BUHTO-
Boi muuuu [8]. Ins1 co3gaHus 3Toro pobora He06X0AMMO
pa3paboTaTh IMHAMUYECKIE MOJIEIY, YIYUTHIBAIOLIME BO3-
MOKHOCTb peKOHGUTypalum (M3MeHeHMUs B3auMHOTO 10~
JIO’KEeHMSI) MOZyJei.

B.E. ITaBnoBckum [9] 6b1a mpepjioxkeHa AByMepHast
IVHaMuJecKast MOIeIb MOIY/IbHOTO KOJIECHOTO po6oTa B
Bue cucteMbl nubdepeHIaabHbIX YPaBHEHWIT CBS3€iA,
JIOITyCKAMIIMX ABa YACTHBIX pellleHus : IBMUKeHMe 110 Ipsi-
MOI1 1 TI0 OKpYKHOCTHU. B cnepytomieit pabore [10] mosmy-
YeHbl aHAJINTUYECKME PelIeHUs C UCIIONb30BaHUEM CIIe-
UMaIbHBIX GYHKIMI (MHTerpanbl OpeHens) s ABUXKe-
HMS pOOOTA 10 TPAEKTOPUSIM (TIpsIMasi, OKPY>KHOCTb, CITU-
paJtb) 1 OTIpezesieHbl MOMEHTBI, KOTOpPbIe HEOOXOAMMO TIPHU-
JIOXKUTD K KoJjiecaM MOZYJ/eil AJisl peanu3aiuy JBUKEHUS
10 3aJ,aHHBIM TPaeKTOPUSIM.

B pab6ore [11] mocTpoeHa MaTeMaTnyecKast MOZEb Oy -
HaMMKU MOJYTBHOT'O po60Ta (OIMH WU ABA JKeCTKO CBSI3aH-
HBIX aKTUBHBIX MJIM TIACCUBHBIX MOJIYJ/ISI) B TPyO€e KPYIJIOTO
ceueHus Ha 6asyce ypaBHeHMi1 dDitnepa—JlarpaHka, a Tak-
ke TIpoBefieHa ee 3KCIepuMeHTaIbHas MpoBepka. boian
orpezesieHbl IapaMeTphbl, BAKUSIONIME Ha JBVKeHMe (CUITbI
TpPeHMS] KaueHMsI Y CKOTbKeHMS ; MOMEHT MHEePIY poboTa),
¥ TTapaMeTpbl CaMOTO JBVSKEeHMS (BpeMsI OCTAHOBKMU PO60-
Ta, IUMPUHA 30HBI 3aCTOSI, CKOPOCTb ABVIKEHMS, YCKOPEHME,
TepMof, ¥ KOMMYECTBO KoebaHuit, aMIUIUTyIa KomebaHmit).
AHanuTuyeckye U YncieHHble pe3ybTaThl HAXOASATCS B XO-
polIeM COIJIacuu ¢ pe3yabTaTaMy 3KCIIepUMMEHTOB.

TpexmepHasi KOMITbIOTepHAast MOJie/ib KOHDUTypalyum
MOgAyJeit po6boTa BHe ¥ BHYTPM TPyObI ITpeACTaBiIeHa B pa-
60te [8] B BuAe 6a30BbIX MIAGIOHOB TPAEKTOPUI IIepeMellie-
HMS (110 TUVIOCKOCTY, OKPY>KHOCTM, BUHTOBOM JIMHUY, BO,O/b
TpyObI) ¥ UX KOMOMHAIMI1 (Tlepexof, poboTa ¢ OfHOM KOHDU-
rypalnuu, COOTBETCTBYIOIIE HEKOTOPOMY IIabI0HY, Ha IPY-
Iyi0). B paccMoTpeHHBIX paboTax ObLIO ITOKa3aHO, YTO BEIO-
Mble MOJLY/IM OTKJIOHSIIOTCSI OT TPAeKTOPUM ABUKEHUS BeLy-
IIEro MOMYJISI B 3aBMCUMOCTY OT BBIOPAHHOTO NIa6I0HA IBY-
sKeHUs (aHAJIOTMYHAsI 0COOeHHOCTDb ITPUCYTCTBYET U B MaK-
pocucTeMax, HalipuMep, Ipu ABWKeHUY apToroesna [12]).

Hcrionb30BaHMe CIielaabHbIX (PYHKLMIA B aHATUTH -
YeCKUX pelleHMUsIX P ABVKEHUY 110 IabJIOHaM TPaeKTo-
puit u uncaeHHOoe pellieHNe cucTeMbl AubdepeHInaTbHbIX
ypaBHeHUI TIpY ABUKEHUM 10 TIPOU3BOIbHOI TPAaeKTOPUM
TPeOYIOT GOJBINNX BIUMCIUTENIbHBIX PECYPCOB, UTO 3aTPYI-
HSeT UCIIOMb30BaHMe Mogeselt B cucTeMe yIpaBiieHuUs po-
6oTtoMm. B pabore [13] mpencTaBiaeHbl ObICTPOCYETHBIE AJITO-
PUTMBI pacueTa TPaeKTOPUil mepemMelleHnsI MOLyseil Mo-
OGMIBHOTO MOAY/IBHOTO KOJIECHOTO POOOTA Ha TIOCKOCTH.

[lis BU3yanmusaluuy pesyslbTaTOB MOLENMPOBAHUS U
ILIS1 UCC/IelOBaHMSI IMHAMMUECKOTO ToBefeHus1 poboTa ¢
YYeTOM OKpYy’Kalolleil cpefbl UCIIOAb3YIOTCSI pa3iNuHbIe
crielnManM3upoBaHHble MPOrpaMMHbIe TTPOAYKThI, Ha3bl-
BaeMble POOOTOTEXHUYUECKMMMU CUMyIIsITopamu. Cpeay Cy-
IMEeCTBYIOIIMX IIPpOrpaMM CUMYVYISAINUM MOXHO BbIOEJINTDb
kak npompuerapHoe 10 (RoboDK [14], CoppeliaSim [15],

RoboLogix [16] — mJis1 MogenpoBaHusI IPOMBIIIIEHHBIX
pob6oToB), Tak U cBobomHoe ITO (SimSpark [17] — Mo-
IeTMpOBaHMe B3aMMOIEeICTBISI MHOTOAr€HTHBIX CUCTEM,
Webots [18] u Gazebo [19]).

[maBHOI 3afaueil 60OJbIIMHCTBA POGOTOTEXHIMUECKUX
CUMYJISITOPOB SIBJISTIOTCSI HETIOCPEACTBEHHO pacueT U Cu-
MYJISIINS B3aMMOZIEIICTBUS KOMIIOHEHTOB po60Ta MEXKIY
€000i1 1 ¢ OKpysKarouIeit cpeoit, YTO OrpaHNIMBAET UX BO3-
MOXXHOCTM TI0 ITPOEKTUPOBAHNMIO QYHKIIMOHATBHBIX KOMITO-
HEHTOB POOOTOB M UX YIIPABJISIOMINX CUCTEM HEKOTOPBIM
HabOpPOM TrOTOBBIX perreHuit. [1o 9Toi MpUUYMHE B HACTOSI-
1iee BpeMs pa3paboTKa HOBBIX MOJIEJIbHBIX pelieHuit B 00-
JIaCTM POGOTOTEXHUKM IIPOBOIMUTCS Ha Oase Crelmuaansupo-
BaHHOIJ OTIepalOHHO CUCTEMBI IT0 pa3paboTKe po6OTOB —
Robotics Operation System, ROS [20]. JaHHBIIT TpOrpamMM-
HbII IPOIYKT MPEIOCTaBISET I0JIb30BATEII0 HAO0P 6a30-
BBIX (QPYHKIIVI U aJITOPUTMOB /ISl CO3AAHMS HOBBIX MOJIeNIe
pO6OTOB B BUIEe B3aMMOCBSI3M OTEIbHbBIX Y3JI0B Irpada u
Mo IepsKMBaeTCst Haubosiee MOMYISIPHbIMY Ha JaHHBIN MO-
MeHT poboToTexHuueckumu cumynstopamu (CoppeliaSim,
Webots, Gazebo). PaspaboraHHyio 111G pOBYIO MOAEIb PO-
60Ta MOKHO IIPUBSI3aTh K €ro (pu3mueckomy IpoTOTUITY (C
MCITOIb30BaHMEM €r0 KOHTPOJIJIEPOB, PUBOJIOB, TATUMKOB
U T.1.), peaau3sysi TeM CaMbIM KOHIIEMIINIO ITPOEeKTUPOBa-
HMSI C UCTIONb30BaHMEM IIM(PPOBbIX IBOHMKOB. Co3maHme
Moaenu poboTa B CMMYJISITOPE C MUCIToTb30BaHMeM ROS 3a-
KJII0UaeTcs B pa3paboTKe MPOeKTa, BKIIOYAIOIIETO B cebs
(aiisibl reoMeTpUM COCTaBHBIX YacTei pobora (popmaTsl
STL, Collada, OBJ) u daitnbl ¢ uHGOpMaLyeii 06 s7eMeH-
Tax po6ota B popmate URDF (Unified Robot Description
Format). ®opmaT URDF — 370 yHUDUIIMPOBAHHBIA (hopMaT
omucaHus pobora, comepskalyii MHPOPMAIIMIO IO CBA3SIM
MEXIY JIeMeHTaMM (JKeCTKOe CcoeTVHeHMe, KOHTAKT, [ap-
HMD U T.J.) ¥ CBOJCTBA CAMMUX 3/IEMEHTOB (KOOPAVHATHI d/1e-
MeHTa, OpMeHTals], Macca, TEH30p MOMEHTa MHEePIINN).
CranpaptHble cpenctBa ROS 1mo3BosIIOT CO34aBaTh Mpo-
CTYIO TEOMETPHMIO, OCHOBAHHYIO HA IIPUMUTHUBAX (TTapasi-
nenenunen, TWIMHAD, chepa), KoTopas MPOMUChIBAETCS
BpyuHyio B Buzme URDF daiina.

OpHako 7151 co3maHus 6osee CI05KHOM reoMeTpUm po-
60Ta MUCIOIb3YIOT CTOPOHHME ITPOrPaMMbI, TaKMe Kak Ipo-
rpaMMa TpexmepHoii rpaduku Blender min pasnuuHbie
CAIIP (Salome Meca [21], FreeCAD [22], Solidworks [23]).
[Tpu momomm Blender [24] MOXXHO €O37aTh MOJENb KOH-
CTPYKUMM pOo6OTa ITyTeM COeIMHEHUS] €€ KOMITOHEHTOB TTpU
TTOMOIIM IIAPHUPOB, & BCTPOEHHbIN SI3bIK TPOTPaMMMUPO-
Banust Blender Python API mo3BossieT mporpaMMupoBaTh
1MGPOBOIt IBOMHMUK pOOOTA, CUMTHIBATD €T0 KMHEMATUKY
u yapasiaTh yepe3 USB peasbHbIM POGOTOM (IPUMEP MO-
IeIMPOBAHMS U YIIPABIEHUS PYKOi—MaHUITYJISITOPOM I10-
kasaH B [25]). [IpeumyuiecTBom ucnonb3oBanus CAIIP mpu
pa3paboTke Mopenu po6oTa, MIOMUMO CO3/IAHUST CTIOKHOM
TeOMEeTPUU, SIBJISIETCS BO3MOXKHOCTh aBTOMATUYECKOTO pac-
yeTa MacChl ¥ TEH30pa MOMEHTA MHEPIIVU €r0 KOMITOHEH-
TOB, KOTOPbIe HEOOXOAVMBI ITPU CUMYJISIIIAY MOAEITN.

B HacTos1eit paboTe MoKasaHbl pe3y/IbTaThl BbIITOIHE-
HMSI TIEPBBIX ITAIOB IIPOEKTA IT0 pa3paboTKe MHCIIEKIVOH -
Horo PTK, yoBieTBOPSIOINIEro O0IbIIMHCTBY ITPeIbsIBIIsIE-
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MBIX K HUM TpeboBauwuii. [1o pe3ynbraTam NpoBeeHHOTO
aHaJIM3a U3BECTHBIX KOHCTPYKTOPCKUX M TEXHOMOTMUECKIX
pelleHKi1 B KauecTBe 6a30BOTO BapMaHTa pa3paboTKy ObLT
BBIOpAH KJIACC 3MEEIOoa00HbIX PO6OTOB (MOOMIBHBIX MO-
IYAbHBIX POOOTOB) KaK 00J1aaloIIyii BBICOKUM MOTEHIIMA-
JIOM 0OCTY>KMBaHMSI TPyOOIIPOBOOB B INMPOKOM AMara3oHe
IuaMeTpoB. Ha mpakTuKe peajnsyloTcs IBa BapuaHTa Iie-
peMeleHus TakKuX po60TOB BHYTpYM TPYObI: BO-IIEPBbIX, 38
CYeT M3MeHeHMUs B3aMMHOTO IOJIOKEHMS 3BEHbEB POOOTa
¢ oropoit Ha cTeHKM (H6eckonecHbie Po6OThI) [26, 27] BO-
BTODBIX, 32 CUeT KaueHus (KomecHble po6oTs) [28]. Hemaro-
BaKHBIM ()aKTOPOM B ITOJIb3Y CI€JIAHHOTO BbIGOPA SIBIISIETCS
TO, 4YTO MOAy/IbHbIe PTK 06/1a0aI0T CBOICTBOM PEKOHOUTY-
PUPOBATHCS, UTO MTO3BOJISIET MM JIETKO aAANITMPOBATHCS B
COOTBETCTBUM C U3MEHEHUSIMM BHEIITHEN CPebl, OKPYKalo-
1Iei 06CTaHOBKY WU CIIelUM(PUIECKUMM KOHCTPYKTUBHbI-
MM TpeGOBaHUSIMMU JIJIS1 BLITIOTHEHUS 33JaHHOM QYyHKITUMA.
PeroHbuUrypupyeMoctb po60TOB peann3yeTcs 3a CUeT ciie-
IVIOIIMX KOHCTPYKTUBHBIX PeIleHuIt:

* JICTIONb30BaHME YHUBEPCATbHBIX COeOUHUTETbHBIX
MeXaHM3MOB, CMJIOBBIX ¥ MH(GOPMAIMOHHBIX MHTEP-
deiicos [28] (xoHDuUTypalMs Mopyneit MeHsIeTcs 3a
CUeT M3MEHEeHMS COeMHEeHUI MOyJieii APYT OTHOCU -
TeJIbHO APYyTa);

e IIpUMeHeHVe MHOTOCTeIleHHbIX COUJIeHeHUI MeXay
Monyssivu [29, 30] (koHbUTypaLiys MeHsIeTCsI 3a CUeT
M3MeHeHMs B3aMMHOT0 [TIOJIOKEeHMSI MOZYJIell B couie-
HEHUSX).

B cTraTbe 1oKa3aHbl 6a30BbI€ MTOJXO/IbI IPOEKTUPOBA-
HMSI MHCTIEKIIMOHHOTO MOOGMILHOTO POOOTa, OCHOBHbIE KOH-
CTPYKTMBHbIE pelIeHs, TO3BOJISIONIME Peaan30BaTh MPUH-
IIAITBI MOIOY/IBHOCTY ¥ PEKOHPUTYPUPYEMOCTH, B KOMILTEK-
ce C MOIEeJIIMM U aJITOPUTMaMU YIIpaBJIeHNs.

2. TMMocTaHoBKa 3apauu

151 yIOBIeTBOPEHMSI TPeOOBAHMIA, TTPEIbSIBISIEMBIX K
MHCIeKIMoHHbIM PTK, He06X0a¥IMO BBIIIOTHUTH KOMILIEKC
paboT, KOTOPBIN BKIIOUAET B ce6s1 pa3paboTKy KOHCTPYKLIMM
Momy/ist po60Ta, CMHTE3 YHUBEPCATbHBIX MEXaHUUECKUX U
MH(POPMAIIMOHHBIX MHTep(deiiCOB MesKIY MOIY/ISIMMU, a TaK-
ke paspaboTKy aJirTOPUTMOB (POpMIUPOBaHMS B3aIMHOTO
pacIionokeHust Mopyinei (KoHdurypaiuii po6ora). Beioop
KoHUrypaumy pobora 3aBUCUT OT psifa (aKTOpPOB: TUIIA
yuyacTka Tpy6bl, BLIGPaHHOTO CcrIoco6a nepemMeleHus (3mee-
BUAHOE, KaueHue, IIaraHye), BhIIOIHIEMO orepaiun u
mp. Tak, /151 OMHOTO U TOTO Ke yYacTKa TPyObl MOXKET I10-
TpeboBaThCs KaK ABMKeHMe poboTa ¢ Haubojiee BhICOKOI
CKOPOCTbHIO, KOTOPAst AOCTUTAETCS ITPYU KaUyeHUY MOJLY/Ieii
(HampMMep, B BUAE CIIMPAJIN C OTIOPOIt Ha CTEHKU TPYObI),
TaK U MeJ[JIEHHOE IMepeMelleHe 3a CUeT UCITOIb30BaAHMS
3MeeIog00HOr0 ABMKEHNS C OMHOBPEMEHHBIM MU3MEeHEHN -
eM KOHGUTypanuu 4actu poboTa (HampuMmep, IIpu Cyke-
HUSIX TPYOBI IO XOAY ABMKEHMSI, HAIMIUM OTBETBIICHMIA
WU TIPENSITCTBUI B TPyOe), T.e. peKOHbUrypaius pobora
IOJKHA GbITH IMHAMMUYECKOI.

C yueToM BbIIIEN3JI0KEHHOTO 6bIT ChOPMUPOBAH Ha-
00p OCHOBHBIX TPeOOBaHMIT K KOHCTPYKLIMU U CUCTEME
yIpaBieHus: paspabaTtbiBaemoro PTK, yacTh 43 KOTOPBIX
6bL7Ia paHee paccMOTpeHa B paborax [8, 11, 13], u onpeze-
JIEHBI 337aUM, KOTOPbIE HEOOXOAMMO PEIIUTH, UTOOBI ITU
Tpe6OBaHMS yIOBJIETBOPUTD:

« pa3paboTKa KOHCTPYKIIMM C BO3MOKHOCTbIO Hapa-
IIMBAHMS KOJMMYECTBA MOIYJel U 06ecreymBaio-
mieii SOCTaTOYHYI0 TOABMKHOCTb MX JPYT OTHO-
CUTEIbHO Jpyra IJjs1 MepeMelleHus: Mo 3aJaHHOo
TpaekTOpMM B TpybompoBome u (GopMuUpoBaHUS
HeOoOXOAMMBIX KOHMDUTYpaIInii;

 obecrieyeHne BO3MOXKHOCTY JKeCTKOI (huKcaumm Mo-
Iyjei Ipyr OTHOCUTENbHO Apyra npu dopmuposa-
HUY CTAaTUYHOI KOHPUTYpaLMM YacTy poboTa (Harpu-
Mep, IJIS IIPeOIoIeHMs IIPETATCTBUIA, ITepeMeleHust
B OTBETBJIEHUSIX U T.[I.);

 ompepnesieHue U pa3paboTKa MIAGIOHOB IBUKEHUS
poboTa I/ pasIMUYHBbIX YYacCTKOB TPyOOIIpOBOIA
¥ TUTIOB IBVKEHUS;

o dopmupoBaHMe i1 KaXKOOro Ima6moHa (1o
HeoOXOOMMOCTM) CBO€il KOHuUrypauuu poboTa
U QJITOPUTMA IBVIKEHUS

 obecrieueHye BbICOKOI CKOPOCTYU IMHAMUYECKOI pe-
KOHGUTYpauyuu Bo BpeMsI IBMKEHUS B CTydyae, Koraa
pPOGOT OHOBPEMEHHO peann3yeT HeCKOJIbKO PasHbIX
11a6IOHOB ABVKEHUS.

[Ipu mpoBemeHMM UCCIeNO0BaAHMS HEOOXOIMMO UCITOIb-
30BaTh TEXHOJOTUY IUMPOBLIX IBOHNKOB, UTO IIO3BOJIAT
COKpAaTUThb BpeMsl pa3paboTKy OMBITHOTO 06pasiia, a pa3pa-
60TKa OCTOBEPHOI 1 aleKBaTHOI MOJIiesu Tpy6omnpoBoaa
Kak paboueir cpefbl MPeIOCTaBUT BO3MOKHOCTh OT/IAIKA
QJITOPUTMOB YIIPaBJIeHMS YKe Ha 3Tare KOMIIbIOTEPHOTO
MOJIeTMPOBAHMS KOHCTPYKIIVNA.

3. MaremaTnyeckass moaesb

Ha puc. 1 mokaszaHbl reoMeTpUsi po6OTa U TPAEKTOPUS
IBUKeHUSI TIepBOTO Moay/is. Vcronb3yeTcs: JekapToBast Cu-
CcTeMa KOOPAMHAT: Hayajao CUCTeMbl KoopanHaT O COOTBET-
CTBYeT IT0JIOKeHMI0 TeomeTpuueckoro eHTpa (') mepsoro
MOAYJIs IpU Tiepexofe ¢ NPSIMOIMHEeNHOM TpaekTopuu Lq
Ha KPYrosy1o L.; ock Ox HalpaBjeHa B0JIb IBVIKeHMS Ha
IepBOM y4acTKe TpaeKropuu Li, a ocb Oy — nepreHauKy-
JIIPHO, 006pa3ys MpaBylo CUCTEMY KOOpAMHAT.

B mMomenu paccMaTpuBaeTcsl OBVDKeHMEe poboTa, Co-
CTOSIIIETO U3 1 MOUIeA0BATEeIbHO COeIVMHEHHBIX IAPOBbI-
MM lapHMUpamMu Moaynei, ¢ koopauHatamu 'Ll mopgyinei
(x]-,i,y]-,i), raej=1,...,n,ai — HOMeD IIara 1o BpeMeHM.
ITepBblii (Benyinit) MOAY/Ib OBUXKETCS 10 3aaHHOM Tpa-
eKTOPUM, COCTOSLIEN U3 TPeX YacTeil: MPsIMOINHEINHOM’ C
IJIVHOM Lq; BYTY OKPY>KHOCTU C OnuHOM L. = Ra, toe R —
pannyc OKPY>KHOCTU U o — LeHTPAJIbHbIN YTOJT; IPSIMOIN-
HEHOM C OJIMHOM L,. HoMep 11ara no BpemMeHu, COOTBET-
CTBYIOIIET0 HauaJTy JBVKeHMS 110 9TUM YaCTIM TPAeKTOPUH,
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Puc. 1. TeomeTpus pob0oTa 1 TpaeKTOpUS ABMKEHUS BEAYLLETO MOAYNS

0603HAUMM i1, ip U i3. [eoMeTpuUecKme pasMepbl MOAYIIEI
ornpezensitorcs paccrosiuuem ot 'Ll 1o neHTpa mwapHupa Ly,
(BbIHOC IapHMpa oTHOCUTeNbHO I'll), paccrosiHuem ot I'1],
JI0 KpaliHei1 Touku Kosneca Ly, (2L, — pacCTosIHUE MeXIY
KoJlecamMmu) u pagmuycoM Komec Ry,.

CHavasia epemeliiaeMm j-it MOAY/Ib Ha BeMUMHY AL;;,
rne 0 < A < 1. HoBoe nonoxenune I1l j-ro momyns
orpenensieTcsi KOOpAMHATAMU:

ij,i = Xji-1 + )‘Lj,i COs ﬁ]',l?l/
Vji = Yji—1+ALj;sinfj;q,

roe
Lj,i = Ax]-,i Ccos 6]',1' + ij,i sin Bj,i_

— { L% + AX]"iAy]"i sin(2[3]-,i) +
1

+3 (Ax]%i - Ay]z,i) cos(2f;)—

3aTem IIOBOpauMBaeM MOOyJjib 11O cl)opMyne

Yi-1,i — ¥ji — LpsinPj_q,
Xj_1,i — Xji — LpcosPj_1,i

Bj; = arctan

IIJis1 BOCCTaHOB/IEHMS CLIEIJIEHMS B IapHMpE C IIPeIbl-
IOyLIVM MOIy/IeM IlepeMelaeM j-i MOAy/Ib Ha pacCTOSIHVe

/
A

(wjfl,ivyjfl,i)

(xj,i—layj,i—l) 5

i]-,i, ompepesemMoe 13 TeopeMbl [Tudaropa (puc. 2):

Lii=\ /Af]%i + Ag]%l. — L,

AXj; = xj1; — LycosPj_1,; — X,

Afji =Yj-1,; — LysinBj_1; — Jj-

[Ipu gBUKEeHMM 110 KPUBOJIMHEIHOM TPaeKTOPUM Tpa-
eKTOpUM BEIOMBIX MOJYJIEN U BEeAYIIEro OYIyT OTAMYATHCS
IpyrT OT apyra (puc. 3). s TOro YTo6bl TPAaeKTOPUM COBIIA-
Jaay, Heo6X0IMMO BHECTM KOHCTPYKTUBHbIE U3MEHEHUST —
KOJIeCcHasI rapa AO/KHA MMeTb LOIOTHUTENbHYIO CTEIEHb
cBO6O/IBI (ITOBOPOT B IJIOCKOCTM IBUKEHMSI PO6OTA OTHO-
CUTEIbHO BEPTUKAJIBbHOM OCH).

[IpuBeneM onucaHye anropuTMa HaXoXKIeHMs IONI0XKe-
HUSI MOZYJ/el ¢ MOABVKHON KOJIeCHOI Mapoii, rje BeJoMbie
MOZY/V TOYHO MTOBTOPSIOT TPAEKTOPUIO IBVDKEHUS Beny-
mero Moayis (puc. 4).

[Tycte TpaexkTopus asuskeHus 'l Bemyiiero Momysst
3aJlaHa B IapamMeTpUYeckoM BUE:

y0 =y(t),

rme

xo = x(t),

roe t — BpeMms.

JOTIOMHUTENBPHO BBEAEM Yrojl MeXAYy MPOLOIbHON
OCBIO MOZYJ/ISI M TOPU3OHTAIBbHOM OChIO a. Toraa monoske-
HMe MIapOBOTO IMAapHMUpPA C BBIHOCOM L, 6ymeT

M

Xy = x9 — Ly cos ap,

D

Yp = Yo — Lpsinag.

AN
& [
1o
% By
A(Zji,950)  Aji

Puc. 2. Cxema anroputma nepemeLLeHns BegoMoro Moayns ¢ PUKCMpoOBAHHOW KOIECHOM Napoi
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Puc. 3. HayanbHoe (cBepxy) v npoMexyTo4Hoe (B cepeauHe) nono-
XeHue moaynei. TpaeKTopumu ABMXKEHWUS BEAYLLEFO MOAYNS
(4epHble IMHUK) U BEAOMBIX MOAYNeN (LBETHbIE IMHUK) ANS
poboTa, cocroauwero ux 10 moaynei (BHU3Y)

[TonoskeHe BeZOMOIO MOZLYJISI ONpefessieTcs Kak mne-
peceueHMe OKPYKHOCTU paguyca L ¢ IeHTpoOM, 3aJaHHbIM
cornacHo (1), ¥ mapaMeTpuUYeCcKu 3aJaHHOI KPUBOIA

yi =y(t),
roe mapamMeTp {; HeM3BeCTeH U
U3 YpaBHEHMS OKPY>KHOCTU:

x; = x(t;),

ornpenensaeTcs

(X() — Ly cosag — xi(ti))2+
. 2
+(yo — Lysinag —yi(ti))” = Lj.

Yros 1moBOpoTa MPOAOIAbHOI OCU BEIOMOIO MOZIYJIS
orpeesieTcs: Kak

a; = arctan (

Yo — Ly sinag — y;(t)
xg — Lcosag — x;(t) t=t; '

Vros 1MoBOpoOTa KOJIECHOM Iapbl BeLOMOIO MOAYIIS
ompepessieTcss KpMBU3HOM ITIOBEPXHOCTU:

B; = arctan <

dy(t)  dx(t)
“ar )u{

[MonoxkeHMs Bcex NMOCIERYIOIINX MOLYIEN ONpenensi-
IOTCSI TI0 TIOJIOSKEHUIO TTPeIbIIyIero MOIY/Isl aHaTIOTUYHbBIM
06pa3om. Pe3ynbTaThl KOMIIBIOTEPHOTO MOAEIMPOBAHMS
npencTaBieHbl Ha puUC. 4.

4. Peanusaums KOHCTPYKLMUU

Vcxopsi u3 pe3ynpTaToOB MaTeMaTUUECKOTO MOJENIN-
POBaHMS 3CKM3HOIO IPOEKTA MOLY/IbBHOIO KOJIECHOTO PO-
6ota (MKP) 1 ¢ yueToM HeOOXOIMMOCTY 00eCIEUUTH IIPO-
CTPaHCTBEHHYIO PeKOHOUIypalyio poboTa BO BpeMsI ero
IBUKeHMs, 6blyIa BhIOpaHa CJIeAyIoIasi KOMIIOHOBKA po6o-
Ta: COeIVHEHNE MEXIY MOAY/ISIMU BBITIOJIHSIETCS C TIOMO-
LIBI0 TPEXOCEBOTO MIapHMUPA, a AJIs1 yCTPaHEeHUS OTKIIOHEe-
HUIT TPaeKTOPUIt BeIOMbIX U BeIyIero Moysieit Ha KpuBO-
JIMHEMHBIX yYacTKax TPaeKTOPUU UCIT0/Ib3YeTCs II0OBOPOT
KOJIeCHOJT mapbl. Bepudukaiiysi KOHCTPYKTOPCKUX pelle-
HU ¥ OT/IaAKA 37IEMEHTOB MPOBOAMIACH HA paboueM ma-
KeTe po60Ta, COCTOSIIEro U3 3-X Momyieit (puc. 5), KOM-
MOHEHTBHI KOTOPOTO GbLTN pa3paboTaHsl ¢ moMolnbio CATTP
Solidworks. IllapHup peanu3oBaH Kak KoMOuHaius che-
pUYeCcKOro MOAUIUITHUKA CKOJIbKeHUS U BpalllaTebHOTO
apHupa, py 3TOM U3MeHeHMe OI0KEHUST MOAYJIe 10
JIIBYM KOOPAMHATaM OCYILeCTB/ISIETCSI YeThIpbMSI IMHEHbI-
MM cepBoIpuBOgaMu (puc. 6(B)), a BpallleHye BbIITOIHSEeTCS
[1arOBbIM JIBUTATENIEM C PeIyKTOPOM, HAXOASIIVMCS BHYT-
PV OTHOTO 13 COIPSDKEHHBIX Mopy/el (puc. 6(a)).

[TepemenieHMe po60Ta OCYIIECTBISETCS C TOMOIIBIO
moTop-Konec (MK) ¢ MHTerpupOBaHHBIMU LIATOBBIMU IBU-
rarensimu (L) (puc. 6r), npu M3MeHeHUM COOTHOIIIEeHUS
CKOPOCTeVi BpallleHMs MM HalpaBaeHMs KOTOPbIX BO3MOXK-
HO TIOJTy4YeHMe JI00bIX TpaekTopuii. [IoBOpOT KOJIeCHO ma-
po1 (KIT) ocyiecTBisieTcs C MIOMOIbIO CUCTEMBI TSIT, yIIpaB-
JIIEMBIX CEpBOIPUBOIOM (pHC. 6(6)). [Ipy 3TOM 0CM IOBOPO-
Ta KOJIeC MPOXOJsIT yepe3 UX reoMeTpudecKkuii IeHTp, 4YTO
MO3BOJISIET NOBBICUTh MAHEBPEHHOCTh MOAYJSI U MUHUMM-
3MPOBATh €r0 pa3Mepsbl.

V3 pa3paboTaHHBIX KOMIIOHEHTOB KOHCTPYKIIUM PO-
60Ta, M3TOTOBJIEHHBIX Ha 3D mpuHTepe Form3 ¢upMbI

Puc. 4. Cxema anropuTMa nepeMelleHna seaoMoro Mmoaynd c NOABWXHOM KONeCHoWM napoﬁ (cneBa) M pe3ynbrat KOMNbKOTEPHOTO MOA4ENNPO-

BaHMA (cnpasa)
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FormLabs, 6b11 co6paH MakeTHbIi o6paser; MKP, co-
CTOSIUI U3 3-X MOAyJel C YCTaHOBJIEHHBIMM B HUX
aBurartenasimu (puc. 7).

[Jist MpoBepKM paboTOCIIOCOOHOCTM COOPAHHOIO Ma-
KeTa M KOPPEKTHOCTM YCTAHOBKM IIPUBOAOB OblLIa CO-
GpaHa yIpaBsiolias cxeMa Ha 6a3e OT/IaJOYHOI IIaThl
STM32F407 Discovery u ApailiBepoB 1IarOBOrO ABUTaTe-
5 (puc. 8). Pacuer ckopocTeil Konec Mopysaei U yriaos,
3aJaloIIuX MOJ0KeH e MOZAyJ/eli IPYT OTHOCUTEIbHO APY-
ra, OCYIIEeCTBJISIETCSI Ha YPOBHE YIIPABJISIOLIETO KOMITbIOTE-
pa (PC). Pe3yibTaThl pacueTa B MOCIeIYIOIEM UCIIOIb3YIOT-
cs1 11t popMMUpOBaHMs HEOOXOAVMMBIX YITPABJISIOMINX BO3-
IeiCTBUIA 1 maroBbix Apurareneii (curdanbl DIR1-DIR3,
PULS1-PULS3) 1 cepBonpuBoaoB (curHaasl PWM1-PWM5)
Puc. 5. CAMP moaens MKP C IIOMOIIBI0O MUKPOKOHTpoiepa STM32F407.

Pe3ynbTaThl 3KCIIEPUMEHTOB B BUJIE IlepeMelleHN s MO-
Iyaeit poboTa Ipyr OTHOCUTENIbHO APYTa B pe3y/bTaTe Bpa-
LeHNs B IapHUpe (COeqUHSIONIeM MOYJ/IN) OTHOCUTENb-
HO ero oceii Ox, Oz ¢ TIOMOIIbIO JIMHEIHbBIX ITPUBOIOB U
OTHOCUTeNbHO ocy Oy € MIOMOIIBIO MIaroBOro JABUraTess
ImoKasaHbl Ha puc. 9(a) u 9(6).

HanpHeltmas MmonyduKaus KOHCTPYKIUA U TTOTyde-
HMe TpeGyeMbIX TMHAMMUYECKMX ITapaMeTpPOB TPeGYIOT Ipo-
BefieHMsT BepuduKalyu MoaydeHHbIX Mofeseit, CO3IaHus
MO OKPYKAIOIIEH Cpembl M MHKATICYISIIVY ITUDPOBLIX
IBOMHMKOB B CUCTEMY yIIPaBAeHMSI.

5. KomnbroTepHoe MmoaenupoBaHue

NsrorosneHue peabHOIro p060Ta, CMHTE3 apXUTEKTY-

Puc. 6. KOHCTpyKUMS Moayns po6oTa M ero cocTasHbix yacteii: — PPL, /ITOPUTMOB CHCTEMBI YIIDABICHWA U €€ pea3ars,
a) NpMBOA NOBOPOTa BOKpYr oci Oy; 6) NpuUBOA NoBopota  M3TOTOBJIEHNME MOZIE/IN Tpy6OIIPOBOA [I/IsI TPOBEEHMSI IO~
ocelt Konec; B) MHelHbI NPUBOL,; I) MOTOP-KONECo HOMACIITaOHbIX HATYPHBIX 3KCIIEPMMEHTOB SBJISIOTCSI MHO-

romnapameTpu4ecKoil  TpyJoemMKoii 3azayveii. [lostomy ma-

paIeNbHO C M3TOTOBJIEHMEM MTPOTOTHUIIA POOOTA U €ro Ma-

TeMaTuYeCcKux Mogesel Oblia mocTasaeHa 3aava 1o co3a-

HMIO ero KOMIIbIOTEPHOJ MOZeNH, a Takoke KOMIIbIOTEpHOI

MOZ ey OKpY>Kaloleii cpesibl, B KOTOPOJ MOXKHO IIPOBECTY

TTOJTHOIIEHHYIO CUMYJISIITAIO BCEX PESKMMOB €ro paboThl.

Ha nepBoM sTame 6bi1a co3gaHa YIIpoueHHast MOAEb

KOHCTPYKIMY MOAYIbHOTO KOJIECHOTO PO60Ta € UCIT0/b30Ba-

Huem CATIP Solidworks, oTenbHbie KOMITOHEHTHI KOTOPOTO

nmokasaHsl Ha puc. 10. [Ias ympoliieHus: MoJie i KOHCTPYK-

LMST TOBOPOTA KOJIeC 3a CUeT CUCTeMBI TAT (KaK B KOHCTPYK-

uuu Maketa MKP) 6bl71a 3aMeHeHa ITOBOPOTHOI I1aTdop-

MOJi, Ha KOTOPOJ pacIioyiokeHa och Koec. IIpumMep c60pku

! OcMOX 1 OZ | I OcbOY |
PWM1! ! DIR1 ~ | 1
1| PR . ,
. el [y |
PWM2 1 I | !
E 5 i m 1 Pl tely
use | & < [PWM3; m ] ! KN !
PC — 'g ﬁ i | |DIR2 Apaiisep| ! o |
PWIM4 | : ) |
EE y ! PuLS2 g | neeoe ]
Al == : !
S ' i\ |DIR3 = 1 ]
s PWMS: Mosopot KN | $,ﬂ,pausep = MK |
| servos || 7 wAa {N[REE3ESEN Puc. 9. lemoHcTpauus paboTbl MakeTHoro obpasua moayns MKP:
— T a) paboTa IMHEeNHbIX MPUBOAOB A/1s IOBOPOTA MOAYNA BO-

kpyr oceii Ox n Oz; 6) pabota npuBoaa AN NOBOPOTa MO-
Puc. 8. dnektpuueckas cxema npueonos ogHoro moayns MKP ayns Bokpyr ocn Oy
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a) 6) B)

Puc. 10. KomnoHeHnTol MKP: a) kopnyc; 6) koneco; B) nnatdopma
NOABWXHOM KOMECHOM napsl

Puc. 11. Npumep Moaenu TpexcekunoHHoro MKP

Puc. 12. NMoarotoBneHHas K 3KCnopTy Moaenb KOHCTpykuun MKP

Puc. 13. NMpumep mopenn MKP B cpene cumynatopa Gazebo

MOJY/IBHOTO MOOMIBHOTO POOOTA, COCTOSIIIETO U3 TPEX CEK-
1M1, mpefcTaBaeH Ha puc. 11.

KonuuecTBo cekimii MOGMIBHOTO pOo60Ta MOKET Bapb-
pOBaThCS B 3aBUCMMOCTHU OT ITOCTaBJIEHHOM 3amaun. s
MOJIeIMPOBaHMsI pOOOTa B BUPTYAIbHO CPefie C UCTIONb30-
BaHMEM POOOTOTEXHUUECKOTO CUMYJISITOPA TPeGyeTcs] MO-
Jlesib, OCHOBAHHAs Ha TOBEPXHOCTHBIX TeOMEeTPUUECKUX MO-
JleJisiX, TIOCKOJIbKY BBIUMC/IUTEIbHbIE aJITOPUTMbI CUMYJISI-
TOPOB He MO3BOJISIOT PaboTaTh C TBEPAOTETHHBIMN MOJE-
JIIMM HanpsiMy1o. JlaHHas 11e/ib JOCTUTAETCS C IOMOIIbI0
CIel1aJIbHOTO MHCTPYMEHTa, BCTPOEHHOTO B (QYHKIIMOHA
maketa Solidworks [31], koTopsiit Ha 6a3e MHGOpMaIU
0 KOHCTPYKIIMM poboTa (Macca, MHepIus, CBOMCTBA KMHe-
MaTuueckux cBsseit) renepupyet URDF-daiin onmcanms
KOMIIBIOTEPHO MOAeM pob0Ta /ISt TPOrPaMMHOI Cpebl
ROS. Ilepen mpuMeHeHEM 3KCIIOPTEPa HEOOXOIMMO IIPO-
BECTU MpeJIBapUTEIbHYIO TOJITOTOBKY SKCIIOPTUPYEMOIt MO-
nenu B CATIP. [Ty BceX KOMIIOHEHTOB COOPKM YKA3bIBAKOTCS
CBSI3aHHbIE C HUMM CUCTEMbI KOOPAMHAT. 3a HaYaao Koop-
IMHAT pEKOMEeHAyeTCs IPUHSTD LIeHTP CUMMeTPUU AeTalu,
TOUKY Ha OCU CMMMEeTPUU WU LIeHTp Macc. [ Momenn-
pOBaHMS U pacueTa MHEPLMOHHBIX TapaMeTPOB CETMEHTOB
(Macca, KOOpAMHATHI LIEHTPa Mace, a Takke TEH30p MHeP-
LIMM) SKCIopTep OyAeT MCIOoIb30BaTh JaHHbIE O MaTepua-
nax geraseii B CAIIP, 3amaHHble 1j1s1 meTanei coopku [32].
Ha puc. 12 npencrapiieH npumep MOAENHU, MOATOTOBIEH-
HOI K Ipolefype SKCIopTa.

[Mocne BINOMHEHNS IPOLIeNYPbI 3KCIIOPTA ITOTYYEeHO
URDF-omucanue po60Ta, B KOTOPOM OTPaskaloTCsl KMHeMa-
TUYeCKMe CBI3M MeKIy KOMIIOHEHTaMM KOHCTPYKIIMHM, a
TaKKe rmapameTpbl MacChl ¥ MHEPLIMU UCIIO/Ib3yeMOii MO-
Ienu g BU3yanusaluy B cpefe CUMY/SILIMM U pacueTa
(busndeckux B3aMMOeiCTBUI J1s1 3BEHbEB MOJIEN MEXKITY
co6oii. [y yueTa B3aMMOAEICTBUS TTOTyYeHHO MOJeNH C
IPYTUMM OObEKTaMU B Cpele CUMYJISIIIY K OTIICAHUIO (TIPY
HeOoOXOIMMOCTH) BPYUHYIO TOOABIISIOTCS HEOOXOAMMbIE T1a-
pameTpsbl, HarpuMep, Ko3QGuieHT TpeHUS.

TMonyueHHbINi B pe3yabTaTe KCIIOPTA MPOEKT pobo-
Ta B ROS yXe MOXeT ObITh 3arpyskeH B Cpemy CUMYJISI-
uuu (puc. 13). Mogenb ceMUCEKIIMOHHOTO MOAYIbHOTO
MOOMJIBHOTO PO00Ta, 3arpy’>keHHAasl B Cpemy CUMYJISIUA
Gazebo uMeeT CJIeqyIONIYIO CTPYKTYPY:

<?xml version="1.0" encoding="utf-8"?>
<robot name="..."
xmlns:xacro="http://www.ros.org/wiki/xacro">
<link name="...">
<inertial>

</inertial>
<visual>

</visual>
<collision>

</collision>
</link>
<joint name="..." type="...">
<parent link="..." />
<child link="..." />




Multiphase Systems 20 (2025) 1

N.O. Krugloyv, D.R. Bordanov, I.Sh. Nasibullayev

41

</joint>
<gazebo reference= >
<sensor type= name= >

<ray>
</ray>
<plugin name=
<topicName>. .
<frameName>. .
</plugin>
</sensor>
</gazebo>

<gazebo>
<plugin name=

filename= >
.</topicName>
._link</frameName>

filename= >

</plugin>
</gazebo>
</robot>

OngHaKko KOMITBIOTEPHASI MOAETb PO6OTa HA AAHHOM
3Tarie SIBJIsIeTCS] HeIIOJTHOM, TTOCKOJIbKY B €e ONIMCAaHUM OT-
CYTCTBYIOT IaHHbIE O CUCTeMe YyITpaBjeHusl, IPUBOAAX U
CeHCOpax, a TaKKe OIMCaHue YCIIOBUIA (CBOICTB) BUPTYailb-
HOJi cpedbl CUMYJISILIAN.

i obecrieueHMsT IBUKEHMS MOAeIM pobOTa B €ro
URDF-omnycaHue Heo6X0IMMO J0O0aBUTh KOHTPOJUIEPHI ITPU-
BOZOB, KOTOpbIe 06ECIIeUMBAIOT YIIpaBieHMe ABMKEHNEM
Mopysei pobora B cpeme cumyinsiiun. Ha opunmanbHoM
caiiTe pobOTOTEXHMUECKOTO cuMyissTopa Gazebo npuseneH
CITMCOK TOTOBBIX KOHTPOJIJIEPOB, MOAXOSIINX JJIST UCTIOJb-
30BaHMs COBMeCTHO ¢ ROS, HampuMep, KOHTPOJIIEPhI AUQ-
(dhepeHLIMATLHOTO NPUBOJA U TYCEHMUHOTO IpuBoza [33]. B
aTtoM ciayuae B URDF-ommcaHme Mofen Heo6X0AuMo I0-
6aBUTH 3JIEMEHT <gazebo> ¢ onmmcaHueM rmapameTpoB IOf-
K/II0UaeMOro KOHTpoJijiepa. B mapameTpax yKa3bIBalOTCS
MMeHa IapHUPOB, KOTOPbIMU YIIPaBJisieT KOHTPOJLIep, Au-
HaMMU4Jeckue XapakTepUCTUKU CO3aBaeMOro npuBoaa u
BXOIHOJ TOTIUK, Yepe3 KOTOPbIN OCYIeCTBISIeTCS yIIpaB-
JieHe mapHupaMu poboTa. XapakKTepucTUKu podoTa st
KOHTPOJIIEpa MPUBOOB MOTYT ObITh 38/JaHbI KaK HEITOCPeI-
crtBeHHO B URDF-onmcanuy (BHYTPU 3JIeMeHTa <gazebo>),
TaK U MepeaaHbl OTJe/bHO B Bue (aityia KoHGuUrypaimum
dopmara *yaml.

CymiecTBylomuii ToToBbIN apaiiBep ROS nnst Gazebo
MM03BOJIsIeT YIIPaBJSITh TOJbKO ABYMS IIapHUpaMU Mope-
71, o6pasyiomuMu quddepeHIMaabHbIi UIY IyCeHUYHbIN
npuBo. it pa3pabaTbIBaeMOit MOZIEIM MOIY/IbHOTO MO-
6MIbHOTO P0o60Ta JAHHOTO (QYHKIMOHAIA HeJJOCTATOUHO,
ITOCKOJIbKY B ITPOEKTUPYEMOIT MOZIeH, TIOMUMO AuddepeH-
LIMa/IbHOTO TIPUBOJA KOJiec, IIpeiroiaraeTcsl yrpaBjaeHue
HIAPHUPHBIMM COEIMHEHMSIMY MEKIY MOIY/ISIMMU )1 06ec-
TevyeHust peKoHpurypaimm po6oTa Mpu ABVKEHUU B IIPO-
CTPaHCTBeE CO CJIOXKHOI Torosoruei. Takke mpeamnosaraer-
Cs1 yIIpaBJIeHye MOABVKHOI TIaThOPMOii, Ha KOTOPOIi pas-
MeIlaIoTCs Kojeca MOAYJIS JJisl UCK/TI0UeHMS OTKIOHeHM I
TpaeKTOpuit BeIOMbBIX MOMY/Ieit po60Ta OT TPaeKTOPUM Be-
IyIIero Momysst. [Ijist peanusauyuy JaHHbIX QYHKIVI HEOO-
XOIMMO pa3paboTaTh COGCTBEHHBI KOHTPOJIIEP MTPUBOIOB
Ha sI3bIKax MporpamMmMupoBanus Python wnu C++, KOTOPbIi
nopaepxkuBaeT ROS s co3maHMs MOMb30BATENbCKUX T171a-
I'MHOB. B KauecTBe 06EKTOB MCITONIb3YIOTCST (DaiiyIbI C OTN-

caHueM ux noBepxHocTH B popmarax STL, Collada 1 OB]J.

s popMupoBaHMS KOMaH[I YIIpaBAeHNs] TPUBOHA-
MU Mopenu poboTa U obecrieyeHMUs ee MepeMeIneHus B
cpeme CUMY/ISIMM B KOMIIbIOTEPHYIO MOME/Tb HeOOXOmu-
MO I06GaBUTh CUCTEMY yIIpaBjeHus. CucTemMa yIpaBaeHus
MOKeT 06eCITeunBaTh Kak MpsSMOoe YIIpaBIeHUs] MOIEJbIO
poboTa, HalpuMep, C KJIaBUATypbl, TaK ¥ aBTOHOMHYIO
HaBUTAIIMIO B BUPTYaJIbHOJN Cpelie Ha OCHOBE 00PaboTKM
uHGOpPMAIINK C JaTUYMUKOB.

7151 aBTOMATUYECKOTO YIIPaBAeHMS M HaBUTAIUY KOM-
nbloTepHoi Mopenu ROS B cpene cumynsiuu Gazebo mpu-
MeHsleTCsl TOTOBbIf Habop 6mbIMoTEK «move base» [34],
BKJ/TIOUAIONIVIT HAGOP aIrOpUTMOB IIOCTPOEHMS KapThl CTO-
MMOCTeN 1 TIOMCKa MyTelt B rpade Mexkay LieseBOi TOUKOi!
¥ TEKYIIVM TOIOKeHeM poboTa. TIpuHIMIT paboThI CUCTe-
Mbl HaBuramuyu ROS oCHOBBIBaeTCS Ha CO3AaHMM IBYX KapT
CTOMMOCTe (IJ106aJIbHOJ U JIOKAJIbHO), B KOTOPBIX CTPO-
SITCSI OIITMMaJIbHbIE TPAeKTOPUM ITepeMeleHMs K 1IeJIeBOit
TOYKE IMIPY MIOMOIIY aJITOPUTMOB TOMCKa My TH.

[nist o6ecrieueHust CYCTEMbI YIIPaBIeHUS HEOOXOIMMOA
mHbopMaImeit 06 OKpy>Kalollei cpeme IJIsl ITIOCTPOEeHMUS
tpaektopuyu B URDF-ommcanye Momenu po6ota Heo6Xomm-
MO H06aBUTDb AATUMKU. B ciIydae 1CHoab30BaHusSI pO6OTO-
TeXHMYecKoro cumynsitopa Gazebo JaTUMKM MOXKHO BbI-
6paTh Ha ODUIMATILHOM CaiiTe CUMYJISITOPA M3 CIIMCKA TOTO-
BbIX JaTunKoB ROS [33], HanpuMeD, 1a3epHbIil JaJlbHOMeED,
TMPOCKOII, 6aMITepHBbIit TaTUMK U IP.

151 onmMcaHus OKpy>KaolIeil cpelibl, B KOTOPO Jeli-
CTBYeT Mojieib poboTa, B Gazebo ucmonbayercst dhaitn hop-
mata *world. [JaHHbIi ¢aiia mpemcraBisieT co60i onmucaHme
CBOJCTB CUMYJISILINY (CKOPOCTh CUMYJISILIVU, IHAr CUMYJISI-
LMY, TTapaMeTPbl OKPY>Kalollleit cpebl, MOIOKeHMe Kame-
PBI /151 BUSYya/IM3allny, IIOJIOKEHME CTOYHMKOB CBETA) U
Mepapxmnueckoe OmycaHue 00beKTOB U ITOBEPXHOCTEN, BbI-
CTYHAIOIINX B POJIM OKpYKeHus1 poboTta B ¢popmare XML.
B xauecTBe 06EKTOB MUCIIOIb3YIOTCS NGO TOBEPXHOCTH,
6o momenu B popmarte: *.stl, *.obj, *.dae.

Mup Gazebo MoxkeT 6bITh CO3aH CIEAYIOIIVMMU CITO-
cobamm:

1. C ucnonb3oBaHMeM FOTOBBIX MOJie/ieit MUPOB U 00b-
eKTOB 13 ouimanbHoi 6ubnmoreku Gazebo [35].

2. BpyuHyto ripu nomoiiu co3ganus ¢aiiia *.SDF c uc-
MOJIb30BaHMeM IrOTOBBIX Mofeneii dopmara *.STL. B
9TOM CTyyae HeOOXOIMMO CaMOCTOSITEIbHO pa3pabo-
TaTh KOHQUIYPaLNIO 00bEKTOB B IPOCTPAHCTBE U YKa-
3aTh MX KOOPAVHATHI B KOJE.

IMockonbKy hopmat onmcanust mupa Gazebo naeHTH-
yeH omucauuio momenu po6ora URDF, To mMeeTcst BO3-
MO>KHOCTh aBTOMAaTHU3aIMy IIpollecca reHepamyum Mmupa Iy-
TeM 3KCITOPTa KOHOUTYpaLuyu 06bEKTOB B IIPOCTPAHCTBE
u3 CAIIP. B yacTHOCTH, [IJ1ST CO3JaHMST paboyero MmpocTpaH-
CTBa paccMaTpuBaeMOii MOZeIM poboTa MpearoiaraeTcs
co3maHue TpyGOIPOBOIOB CIOKHON TOIIOJIOTUU B Cpefle
Solidworks ¢ mcronp30BaHMeM FOTOBBIX MOEeIe U UX KOM-
6uHauuit. Ha puc. 14 npemcraBieH IpuMep CTPYKTYPbI TPY-
6ormpoBona, co3ganHoro B CATIP Solidworks 1 mo6aBieHHO-
ro B cpeny cumyssiiuu Gazebo B popmare *.STL.
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Puc. 15. Cumynaumsa oBuXKeHMS KOMMNbIOTEPHOW MOAENN CEMUCEK-
LIMOHHOIO MobunbHOro poboTa B Gazebo

Puc. 16. NMpoxoxaeHne MKP ¢ 3amKcMpoBaHHbIMK Konecamu no
KPYroBoOW TpaekTopum

Puc. 17. NpoxoxaeHne MKP c ynpaBnseMbiMu Konecamu no Kpyro-
BOM TPaeKTopuM

B pamMKax mpoBefeHHO paboThI OblIa CO3/IaHa KOM-
TIbIOTEPHAS MOJIETb CEMMUCEKIIIOHHOTO MOIY/IbHOTO po6oTa
C MIPSIMBIM yTIpaByieHeM aybdepeHIaTbHbIM TPUBOIOM
1epBOro CerMeHTa, peaau3ylollas IBVOKeH)e Ha INIOCKOCTH.
Ha puc. 15 npencrasieHa CUMy/ISIUUS IBVOKEHUS TIOTyU€eH-
HOI1 Mojienin B cpenie cumysitopa Gazebo.

B paspaboTaHHOI Mozeny mapHUpPHbIE COeqUHEHNS
CerMeHTOB MMEIOT TOJIbKO OJHY BpalllaTelbHYIO CTENIeHb
CBOGOIbI OTHOCUTEIBHO BePTUKAIBHOM ocu AJIs obecrie-
YyeHMsT CBOGOIHOTO MOBOPOTa B TOPU3OHTAIBHOI IIOC-
KOCTH. [IJisi BO3MOKHOCTY TapaMeTpu3aluiy Ymcia Cek-
umii po6ota kox URDF-onmcaHust Momeny 6bLI TOMOTHEH
XML-makpocamu.

Cumynsius pa3paboTaHHO MOAEIU TPOBOAMIIACH C
IBYMSI COCTOSTHUSIMU TTOABMKHOJ IIIaTGOPMBI C Kojieca-
MMU: ¢ 3aUKCMPOBAHHBIMM KOJIECAMM U YIIPaBJisseMbIMU. B
KayvecTBe IeJIM CUMYJISIIUK ObLJIO MIOCTABIEHO YCIEIIHOe
MPOXOXIeHNe PoOOTa MO KPYroBoOit TpaekTopuu 6e3 OTKIO-
HEeHUSI CETMEHTOB OT TPaeKTOPUN.

Ha puc. 16 mpeacTaBieHO MPOXOKAEHME POOOTA 10
KpPYTOBO#1 TpaeKTOpMM MOJIBMKHOI TIaTGOPMBI ¢ 3aPpUKCH-
pOBaHHBIMM KOjlecamMu, Ha puc. 17 — ¢ MOABMKHOI I/IaT-
dbopmoii, rmonokeHMEM KOJIeC KOTOPOI MOKHO YITPaBJISATh.

B xome poBeIeHHbIX CUMYJISIMIT ObIIO YCTAHOBJIEHO,
YTO HaJIMYMe MOABMKHON TIaTGOPMBI C KoJIecaMi B MOZY-
JIIX po60Ta TO3BOJISIET YMEHBIIUTD KOe6aHMs TPaeKTOPUM
MOZYyJieii, HauMHasi Co BTOPOT0, OTHOCUTENBHO TPaeKTOPUN
MePBOro MOJYJIsI. AHAJIOTMYHbIE Pe3Y/IbTaThl ObIIU MOTyYe-
HbI paHee IPU CUMYJSIIIMM MaTeMaTU4eCcKoit MOJenn.

6. 3aknmwuyeHue

B xo[e BBIMONMHEHHBIX pabOT GBI TTOTYyUEHbI CIeLYI0-
IIyie pe3y/IbTaThl: pa3paboTaH HOBBIN aITOPUTM ITepeMeliie-
HMSI MOIY/IBHOTO KOJIECHOTO POo60Ta, COCTOSIIETO U3 MOIY-
Jieli C MOABVSKHOII KOJIECHOI TTapoii; paspaboTaHa MeTOAMKA
TIPOEKTVPOBAHMS KOMIThIOTEPHBIX MOZEJEN MOOUIBHBIX PO-
60TOB; MPOBEEeHbI KOMITHIOTEPHbBIE CUMYJISIIVN C UCIIOJb-
30BaHMEM MaTeMaTUYeCKMUX aJTOPUTMOB I10 ONpefeeHNI0
TpaeKTOPUM ABUKEHUST pOOOTA.

[Ipenyiaraemblit MOAX0J, K KOHCTPYUPOBAHUIO MOLLY/Tb-
HOTO po60Ta MO3BOMI OLIEHUTb PabOTOCIIOCOGHOCTD U
aJIeKBaTHOCTb TEXHOJOTUYECKUX TTPUEMOB, CKOPPEKTUPO-
BaTbh 6a30BbIe TTApAMETPbI, YTOUHUTb TPeOGOBaHMUS K IIPU-
BOZAM U yIIpaBisionieii 60pToBoit cucTeMe. PemmaemMsple 3a-
Jlauy SIBJISIFOTCSI B3aMMOCBSI3aHHBIMMU : TIOTyYeHHbIe apa-
MeTpbl KOHCTPYKLMM CIYKaT UCXOOHBIMU JaHHBIMU ]IS
paspabOTKY IMHAMMYECKMX Mofeneit po6oTa, KOTOpbIe, B
CBOIO OUepenb, He0GXOIMMBI B KauecTBe 6a3bl IJIsT CMHTe3a
CUCTeMbI yIIpaBIeHMs.

Vcronb3oBaHMe TeXHOIOTUI IUPPOBIX TBOMHUKOB U
KOMIIJIEKCHOTO MOZENIMPOBaHMs (KOTIa 060bEKT M OKpYKa-
ollIasi cCpejia pacCMaTpPUBAIOTCS BO BCeM KOMILJIEKCe B3au-
MOJeiiCTBMS) TTO3BOJISIOT 3HAUUTEIbHO COKPATUTh BpeMSI
pa3paboTKu U YAOBIETBOPUTH IPOTUBOpPEUMBhIE TpeboBa-
HMSI K KOHEYHOMY MPOAYKTY pa3paboTKu.

[To oROHUYAHMM 3TaITa MOJEMPOBAHMS U BepuduKamm
MOJieieit TUTaHUPYETCS ITPOAO/DKUATD PaObOThI B CJIEAYIOMINX
HalpaBJeHUSIX: KOpPeKL S MaTeMaTUUeCKUX MOJeNeli ¢
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Y4eTOM BBIGPAHHOJ KOHCTPYKLMM MOIY/IsI po6oTa; paspa-
60TKa ITOJTHOV AMHAaMUYeCKOii MOJeau poboTa; CMHTE3 ap-
XUTEKTYPbI CUCTEMBI YIIPABJIEHNS C YIETOM ee hU3UIeCcKoi
peanu3aiuu ¥ HOBBIX ITOJX0I0B K peayn3anyy uHTepbeii-
coB [36]; pa3paboTka nHGOOPMAIMOHHOM CUCTEMBI pO6O-
Ta; 9KCIIepUMeHTaIbHas IIPOBEPKa MOIEPHU3MPOBAHHBIX
MaTeMaTUYeCKMUX MoJeieit po6oTa U co3maHme HaTypHO-
T'O UCIBITATEIbHOTO CTEHIa C MAKeTaMy TPyOOIIPOBOIOB
MMPOM3BObHO TOIIOIOT UM,
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UccnepoBaHue BONbTaMMNepHOro BpeMeHHOro paaa
B C/iydae ncnapeHusa aneKTpoinTtoe aJloOMUHUEBOM NMPOBOJZIOKHA

P.AO. MypTasuHalg, M.0. I-.'uﬂ'l(ynona2 , 9.P. Waiixues’

1 YuMckuit yHuBepcuTeT Hayku u TexHonorui, Yoa, Poccus

2 MocKoBCKMit (OU3MKO-TEXHUYECKMIA UHCTUTYT (HAaLMOHANbHbIN MCCNefoBaTeNbCKUIA YHUBepcUTeT), MockBa, Poccus
3 HaHK1HCKuiA YHUBEpPCUTET PUHAHCOB M IKOHOMMKM, HaHKKH, KnTai

E-mail: reginaufa@yandex.ru

Mon AMHAaMUYecKoW CUCTEMOV B 0OLLEM CMbIC/IE MOHMMAETCS MaTeMaTMUYeCcKasi MOLE/b 3BOJIOLMM PeanbHOM CUCTEMBI, COCTOSIHUE KOTOPOH B
No60oi MOMEHT BpEMEHU OHO3HAYHO OMNpELEeNsSeTcs ee HauyaibHbIM COCTOSHMEM. YacTo Npu UCCNef0BaHUU AMHAMUYECKMX CUCTEM OCHOBHbIM
MCTOYHMKOM MH(OpMaLMK O NOBEAEHUMN UCCenyeMOro 0b6bekTa aBnseTca Habop 3HaveHu HabnaaeMon BENUYUHDI, CAENAHHbIX B HEKOTOpbIE
(nocnepnoBaTenbHble) MOMEHTbI BPEMEHM, TaK HAa3biBaeMblli BpeMeHHOoM psaa. OQHOM M3 OCHOBHbIX 334a4 NPU aHanu3e BPEMEHHbIX psSaoB
SBNAETCSH PEKOHCTPYKLIMS AMHAMUYECKON CMCTEMbI, MOPOAMBLLEN AAHHDIN pag. Tak, HanpuMep, AN N0KaNbHO NapaMeTpU30BaHHOM NOBEPXHOCTH
C MOMOLLbI EBK/IMAOBbLIX KOOPAMHAT (MHOro06pasus) Lenoi pasMepHOCTM TakeHC PEKOHCTPYMPOBA/ NOBEAEHWNE UCXOLHOM AMHAMUYECKOW
cucteMsl. Llensamu HacTosiLero nccnefoBaHus SBASIOTCS OLEHKA Pa3MEPHOCTM aTTPaKTOPa KNacCUYecknx AMHaMUYECKMX CUCTEM, OMUCHIBAEMBIX
ypaBHeHusMu BaH-pep-MNons, XeHoHa M TOrMCTUYECKON MOAENK, 3 TaKKe BbISBIEHWE 3HAYUMbIX NApaMeTPOB CUCTEMbI MEPKONSALLUOHHOIO
CeHCopa Mpu UCMapeHUm 3NeKTPONUTOB aNtOMUHUA NYTEM OnpeaeneHus rmagkocTu 4eTePMUHUPOBAHHOM MOLENU BONbTaMMNePHbIX BPEMEHHbIX
psaoB. [1ns oueHKM pa3MepHOCTM aTTPaKTOpa AMHAMUYECKOM CUCTEMbI MPUMEHSETCS METOZ, IMaBHbIX KOMMOHEHT, uaes KOTOPOro COCTOMT B
NMoOBOPOTE OCEM KOOPAMHAT B MHOrOMEPHOM NPOCTPAHCTBE M BbIGOpe HanNpaBneHWA, BAOb KOTOPbIX, B OCHOBHOM, Pa3BMBAETCS ABUKEHME.
OnpepeneHbl pa3MepHOCTU aTTPaKTopa A/ ypaBHEHWH BaH-aep-Tons, XeHoHa M norucTuyeckoit Moaenu, Kotopble paBHbl ABYM, TPEM U ABYM
cooTBeTcTBEHHO. OnpeseneH nHAeKC XepcTa BObTAMNEPHOro BPEMEHHOIO psia NepKoSLMOHHOIO CEHCOpPa NPU UCMAapeHUU 3NeKTPOIMTOB
antoMUHKSA, NpubnansutenbHo pasHbiv 0.7. CnenoBaTenbHO, 3HAYEHMS [AHHOTO BPEMEHHOIO PsAA CUIIbHO KOppenupyeMbl. MeToaoM rnaBHbIX
KOMMOHEHT TakXXe NMOKa3aHo, YTO PaCCMOTPEHHbIM BPEMEHHOW psf, ONMUCbIBAETCS ABYMS KOMMOHEHTAMM.

KnioueBble cnoBa: Mogenb XeHOHa, IorncTMyeckas MoLenb, Mogenb BaH-nep-MNons, BonbTaMnepHbli BpeMeHHOM paa, pa3oBbivi NOPTpET,
MeTod MMaBHbIX KOMMOHEHT

Study of the volt-ampere time series
in the case of evaporation of aluminum wire electrolytes

R.D. Murtazina'!™, M.D. Bitkulov’, E.R. Shaihiev®

1Ufa University of Science and Technology, Ufa, Russia
2 Moscow Institute of Physics and Technology (State University), Moscow, Russia
3 Nanjing University of Finance and Economics, Nanjing, China

E-mail: reginaufa@yandex.ru

In the general sense, a dynamic system is a mathematical model of the evolution of a real system whose state at any given time is uniquely
determined by its initial state. Often, when studying dynamic systems, the main source of information on the behavior of the object under
study is a set of values of the observed quantity taken at certain (successive) points in time, the so-called time series. One of the main tasks in
analyzing time series is to reconstruct the dynamic system that generated the series. For example, for a locally parameterized surface, Takens
reconstructed the behavior of the original dynamic system using Euclidean coordinates (manifold) of integer dimension. The objectives of
this study are to estimate the dimension of the attractor of classical dynamic systems described by the Van der Pol, Henon, and logistic
model equations, as well as to identify significant parameters of the percolation sensor system during evaporation of aluminum electrolytes
by determining the smoothness of the deterministic model of volt-ampere time series. To estimate the attractor dimension of the dynamic
system, the principal component method is used, the idea of which is to rotate the coordinate axes in a multidimensional space and select the
directions along which the motion mainly develops. The dimensions of the attractor for the Van der Pol, Henon and logistic model equations
are determined, which are equal to two, three and two, respectively. The Hurst index of the volt-ampere time series of the percolation
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sensor during evaporation of aluminum electrolytes is determined, approximately equal to 0.7. Consequently, the values of this time series
are strongly correlated. The principal component method also shows that the considered time series is described by two components.

Keywords: Henon model, logistic model, Van der Pol model, current-voltage time series, phase portrait, principal component analysis

1. BBepeHue

[Mon, myHaMu4yecKkoi CUCTEMO B 00OIIeM CMBbIC/IE T10-
HUMAaeTCs MaTeMaTuueckast MOZielb 3BOIOIUY PeaibHOMN
CUCTEMBI, COCTOSTHME KOTOPOIt B 11000/ MOMEHT BpeMe-
HY OAHO3HAYHO OIpeesieTCsl ee HauyaJbHbIM COCTOSIHMEM.
MaTemaTuyecky MOHSATHE OVMHAMMYECKO cucTeMbl Gop-
MYy/IupyeTcs Kak Tpoiika (P, I, ¢), cocrosimas M3 MHOT006-
pasus P 1 ogHOIapaMeTpU4ecKoi HellpepbIBHOI IPYIIIIbI
nmpeo6pa3oBaHuii — oToO6paskeHMs (¢, x), 3aIMCbIBAEMOTO
B Buge ¢! (x) : I x R" — R", roe mapametp t € I C R sB-
ssieTcs BpemeHeM. O4eHb 4acTo Mpu UCCIIeJOBaHUM IMHA-
MMNUYECKUX C1UCTeM OCHOBHBIM MCTOUYHMKOM I/[H(I)OpMa]_U/H/I
0 MOBeAeHUY UCCTIeAYEeMOT0 00'bEKTA SIBJISIETCS HAbOp 3HA-
YyeHMit HaOJII0JaeMOli BeIMUMHBI, CIeJIaHHbIX B HEKOTOPBIE
(mocnemoBaTenbHbIe) MOMEHTBI BpeMeHM, TaK Ha3bIBaeMblil
BpPEeMEHHOJ psif.

OnHOI 13 OCHOBHBIX 334a4 IPU aHaM3€e BpeMEHHbIX
PSIIOB SIBJISIETCSI PEKOHCTPYKIMS AMHAMUUECKOM CUCTEMBI,
MOpOAMBIIEN TaHHbINM psif. Tak, HaIIpuMep, AJisl TOKAJIbHO
rnapamMeTpu30BaHHON MTOBEPXHOCTHU C TIOMOIIBI0 eBKIUIO-
BBIX KOOPAMHAT (MHOT000pa3us) 1eJioii pasMmepHocTu Ta-
KeHC B paboTe [1] peKOHCTPYyMPOBaJI IIOBeIeHNE VICXOTHO
JOVHaAMMUUYECKO CUCTEMBI.

Tonnanackuii uakeHep BaH-gep-ITonb npeajoxXui uc-
Mob30BaTh AnddepeHIMaIbHOE YpaBHEeHe BTOPOTO 10~
psAKa (CM., Harpumep, [2]) oJist omycaHus KojaebaHmii, BO3-
HUKAIOLNX B JEKTPUUECKUX LersIX:

X (- 1)x +x =0, 1)

roe | — HeOoTpUIaTeNbHbINM mapaMeTp. TpaeKTOpus IBU-
SKeHMsI, 3aJJaHHOTr0 ypaBHeHMeM Bau-mep-Ilons, B ¢aso-
BOM ITPOCTPAHCTBE OMpPEAeSeTCs TapaMeTpoOM W U Hauallb-
HbIMM JaHHbIMM X (0), x'(0). [laHHOe ypaBHeHue SIBJISIeTCST
«3TAJIOHHO» MOMEJbI0 HeTMHEITHO IMHAMUKYU Y TEOPUA
Kojie6aHMi1, KOTOpasi ONMChIBaeT aBTOKOIe0aHMS.

YacTo AMHAMUKY TIOITYISIIIMY OIMCHIBAIOT YPaBHEHMEM
XeHoHa [3]

xn+1:1—ax%—|—bxn,1, 7’1:1,2,--~/ (2)

rhe a,b — HeKOTopble YMC/IOBbIe NTapaMeTphbl, TaKue 4TO
a > 0u |b| < 1, WK JIOTUCTUYECKOI MOLEINbIO, BIIEPBbIE
NpeliyIo’KeHHOM PepXIonbCToM [4]:

n=20,12,..., 3)
rme uw > 0 — HEKOTOpBI MapamMeTp. YpaBHeHMe XeHOo-
Ha MIPUMeHSeTCs TakKe B acTpodu3MKe, a JIOTUCTUUeCKas
Mopesb — B 6uonorun. Mozenb XeHOHA 1eMOHCTPUPYET
60JIbIlIOe pa3HOOOpa3Me XaoTMUECKOTO ITOBedeHNs 13-3a
Yyero SBJSeTCS OOHUM U3 OCHOBHBIX MPUMEPOB CUCTEM
C XaOTUYeCKUM MOBEIEHMUEM.

Xpt1 = - X (1 —xp),

[jist onvicaHusl TIOBeIeHNsT HeJIMHEHbIX AMHaMuye-
CKMX CHUCTEM IMPOKO UCIOIb3YIOTCS TaK Ha3biBaeMble aT-
TPaKTOPbI. ATTPaKTOPOM CUCTEMBbI
n=0,1,2,... 4)
Ha3bIBaeTCs KOMIIAKTHOE MHBapMaHTHOE MHOXeCTBO (),
eC/Iy CYIIecTBYeT e-okpecTHOCTh ()(¢) MHO)ecTBa () Ta-
Kasl, UTO TpPaeKTOpusi X, CUCTeMbl (4), OJsI KOTOPOi1
xp € Q(e), CTPEMUTCSI K MHOKECTBY () TIPU 11 — 00, TO €CTh
p(x,, Q) — 0 mpu n — oo.

LlensiMM HaCTOSILErO UCCAeN0BaHMS SIBISIIOTCS OLleHKa
pasMepHOCTH aTTpaKTopa (KOAMYeCcTBO KOMIIOHEHT, orpe-
IeMSIoNX CUCTEMY) KIaCCUUeCKUX JMHAMUYECKMUX CUCTEM,
OINCBIBaeMbIX YpaBHeHUsIMU BaH-nep-Ilons, XeHoHa 1 10-
TMCTUYECKON MOJeNH, a Takke BbISIBJIEHME 3HAUMMBIX I1a-
paMeTpoB CUCTEMBI IEPKOJISLMOHHOIO CeHCcopa MpU MC-
MapeHuy JIeKTPOIUTOB aTIOMUHMAS ITyTEeM OIlpeiesieHIsT
[JIaJKOCTHU IeTepMUHMUPOBAHHOM MOZEIN BOTbTaMIIePHbIX
BpPEMEHHBIX PSIOB.

VpenTtudukanusi cucreM (peKOHCTPYKLMS ypaBHEHMI)
10 AVCKPETHBIM I0C/Ie[IOBaTeIbHOCTSIM 3KCIIepUMEHTAb-
HbIX JaHHbIX (BpEMEHHBIX PSIAO0B) MO3BOJISIET OHSTh AU-
HaMMKY ITPOI1eCCOB, MU3MEHSIOIIMXCS CO BpeMeHeM U Tpef -
CKa3bIBaTh TeHAeHL MM (CM. [5]). BbIsIBIsIS 3HAUMMBIe T1a-
paMeTphl (pa3MepHOCTb aTTPakTOpa) BpeMeHHOTO psifia,
ompepensieM KaKMMM 3HAYeHUSIMY MOKHO IpeHeOpeyb,
a Kakue 3HavYeHMsI Heo6XoauMo ydyecTb. HaGmomaemble
CyllleCTBEHHbIEe [TapaMeTpsbl IPU IPOBEeEHNN UCCIeL0Ba-
HMS MCHIapeHMs IIOMMHMEBOI IPOBOJIOKY IIPU ITOTPYXKe-
HUM B XMMMWYECKUI pacTBOP NOATBEPAUINUCH PACUETAMY,
TIpeaCcTaBIeHHbIMMU B paboTe.

B ciryyae HeMHOTOUYMCIIEHHO BBIOOPKHM, HE Tepsisl TOU-
HOCTY pelleHUs], UCTIONb3YIOTCS He OYeHb OOJbIINE BbI-
YUCIUTEIbHbIE MOLTHOCTY. MeTOo/, IJITaBHbIX KOMIIOHEHT Ha
He6obII0i BhIGOPKE (He 60see 10 ThICSY) GBICTPO BBISBIIS-
eT KOMIIOHEHTbI, He Tepsisi TOYHOCTY pellieHNs.

B paboTe mj1s1 OLIeHKM pa3sMepHOCTY aTTpaKTopa Iy-
HaMUUeCKOl CUCTeMbl MPYMeHsieM MeTO[] T/IaBHbIX KOM-
ITOHEHT, OBICTPO BBISBJISIIOIINIA KOMIIOHEHTBI Ha BBIOOPKE
He 60see 10 THICSY TaHHBIX, COXPAHSIS TOUHOCTb pelleHNs
(cMm. [6]). nes maHHOTO MeTOAAa COCTOUT B IIOBOPOTE OCelt
KoopauHaT B ¢pa3oBOM ITPOCTPAHCTBE U BhIOOpE HAIpPaB-
JIeHUiA, BIOJIb KOTOPBIX, B OCHOBHOM, Pa3BUBAETCs ABIKE-
Hue. [Ins obmerdyeHuss 0603HaYEeHMi PEINoa0XKUM, UTO
CcpenHee 3HAUeHMe HAGII0aeMOro 3HaUeHus 1) PAaBHO HY-
m0. Bekropst W(#;) = (Wi, Mi1, s Nitw_1) CTPOSITCS B TIPO-
CTpPaHCTBEe pa3MepHOCTH k, TIpuUeM IpeaIionaraeTcs, 4YTo
BpeMs 3a[IepPsKKIM paBHO MHTEPBaTy BbIOOpKM [ = 1. B maH-
HOM ITPOCTPAHCTBE ITPOM3BOAUTCS ITPeobpa3oBaHye TIOBO-
poTa, pMyeM HOBbIE OCY KOOPAMHAT BbIOUPAIOTCS B COOT-
BETCTBUM C TEMM HaIlpaBIeHUSIMMU, BI,OTb KOTOPHIX Hanbo-

Xn4+1 = f(xn)/
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Jilee MHTEHCUBHO pa3BUBaeTcs JBKkeHMe. KonnuecTBeHHO
STY HAIIPaBJIeHUs U IPOTSHKEHHOCTD BAOIb HUX OIpeIesi-
I0TCS TIPY MIOMOIIY KBaAPATUUYHOV MAaTPUIIbI KOBapuaImii
© nopsiaKa k KOMITIOHEHT BEKTOpa w

N—k

®ij = Y MitaMjtn i j =1,k )
n=0

Marpuiia © — CMMMeTPUYHA, BEIIeCTBEHHA U TIOJIOKUTEITb-
HO ompepneneHa. CieqoBaTeabHO, ee COOCTBEHHbBIE BEKTOPBI
06pa3yIoT TOHBIII OPTOHOPMIMPOBAHHBI 6asuc B R¥. OT-
copTUpyeM COGCTBEHHbIE 3HAUEHMS B IMOPSIKE BO3pacTa-
HUSI — 01, 09, ..., O ¥ COOTBETCTBYIOII[/i€ COGCTBEHHbIE BEK-
TOPBI — $1,52, ..., S. ECJIV TIPUCYTCTBYET U3MEPUTETbHBII
LIYM, TO BCE 07 He PaBHBI HYIIIO, IOTOMY YTO B HaIpasJie-
HUSIX, KOTOPbIE SBJISIOTCS He3HAUUTEIbHBIMMU, TIPEICTAB-
JIeHa IIyMOBast KOMITOHEHTa. B 3ToM cyTyuae pa3sMepHOCTh
MOXHO OLIEHUTh Kak umciao D. IIpoekuyy BekTopa w(t;)
Ha COOTBETCTBYIOIIVE HAIIPABJIEHNs, TO €CTh Ha MepBbie D
KOMITOHEHT BekTopa x’. OcTasbHble KOMIIOHEHTbBI OTOPA-
CBhIBAIOTCSI, TaK KaK COOTBETCTBYIOIIVE MM COOCTBEHHbIE
3HaueHMs 06pasyIoT «IIYMOBOJi IbemecTan». Takum obpa-
30M, ONYYUM D-MepHbIe BEKTOPBI X (£;) C KOMIIOHEHTaMMU
Xk (t;) = s - w(t;). MeTop rmaBHBIX KOMIIOHEHT — 3TO YacT-
HBII cy4ait GUIbTPOBAHHOTO BIOKeHMS. [JaHHbI MeTO[
T0JIe3€H, eC/TM UMEIOTCSI MU3MEPUTETbHbIE IITYMBbI, TAK KaK
x1(t) 6onee TuiaBHee, ueMm 1(f).

2. Mopenb XeHOHa

st aHanmM3a ypaBHeHMs (2) BBeleM OOTIOTHUTETbHYIO
NepeMeHHYI0 i, = bx,_1, KOTODPasi CBOLUT MCXOLHOE 0TO0-
pakeHMe K ABYMEPHOMY OTOOpaskeHMIO BMIa

Xpi1=1— le% +Yn,
Ynt1 = bxy.

(6)

[1st oripeneieHyst TOUeK PaBHOBECHST He06XOIMMO pe-
IIUTh CUCTEMY ypaBHEHM

x=1—ax’>+y,
y = bx,

KOTOpast TPUBOAUT K KBAJPATHOMY YPaBHEHUIO
ax*+(1-b)x—1=0.

Tak kak a > 0, To cMcTeMa MMeeT JiBe HeIllIOABVKHbIEe
TOYKY U1 (X1,Y1), Ua(X2,Y2), THE

(b—1)++vD

%7 ;Y12 = bxqp,

X12 =
uD = (1-b)?+4a > 0.

B okpecTHOCTU TOUEK u1, Uy IPOBEAEM aHaIU3 JIOKaJIb-
HbIX 6udypKrauuii. CHavaaa BbIICHUM, IPY KaKMUX 3HAUe-
HUAX ITapaMeTpOB a 1 b JaHHbIe TOUKU SBJ/IAIOTCS HErmIiep-
6onaeckuMu. [ 9TOT0 HeOOXOAMMO OIPEeeNIUTD, TP

KaKuX yCIOBUSX MaTpuiia Iko6u 6ymeT MMeTh COOCTBEH-
Hble 3HaYeHMs paBHbIe 1 o Momay/o. Ompeneaum MaTpuIy
SIKOOU [IJ1ST TOUKMA U :

Ay = F—bb_*/ﬁ é]

CoO6CTBEeHHBbIE 3HAUEHUST MATPUIIBl A — 3TO pelleHus
KBaJpaTHOTO YpaBHEHMSI

0>+ (b—1++vDo)—b=0. )

KBagparHoe ypaBHeHMe (7) UMeeT XOTs Obl OAVH KO-
peHb 110 MOZYJII0 PaBHbI 1, Korma nmapameTpsl a U b yoo-
BJIETBOPSIOT CJIENYIOLIUM YCIOBUSIM:

0<a<3 b=1

B 3TOM ciyyae cOOGCTBEHHbIE 3HAYeHMs] MATPUIBl Ap
OyaoyT Takue ’
o2 = e,
TJie YTOJI (p OTIPEZENSIeTCsl C TOMOIIBIO BhIPAsKeHMST
(1—cosg)®>=1+a.

Temepsp ompemeanmM pasMepHOCTb aTTPaKToOpa, odpa-
30BAHHOTO ypaBHeHMeM (6) ipu a = 1.8, b = —0.05. Co6-
CTBEHHbIE 3HAUEHMs 0 MaTpuilbl KoBapuaiuu O (5) 6y-
IOyT MMETh CJIeAYIOIIye 3HaUeHMSI, OKPYTJIEHHbIE C TOYHO-
ctbio 1o 0.000001 (cm. puc. 1): 956.380151, 683.130899,
246.209364, 78.935168, 76.134774.

[To KauecTBeHHbIM M3MeHeHMsIM rpaduka Ha puc. 1
BUIHO, YTO PA3MEPHOCTb aTTPAKTOPa paBHA TPEM.

3. JlormcTMueckaq Mmoaesb

PaccMoTpuMm moBeznieHue cucteMsl (3) Ha otpeske [0, 1]

IIPY BBITIOJTHEHUU YCIIOBUIA:
O<u<4 0<x<L1.

Haiimem TOUKM paBHOBECUSI CUCTEMBI. JIJIs 9TOro He06X0-
IOVIMO pellnTb ypaBHeHMe x = f(x,u), Iae

flx,n) = px(1—x),
TO eCThb pellaeTcsl ypaBHeHMe

®

x = px(1 —x).

1000

800

600

400

200

k

Puc. 1. 3HaueHns cobCTBEHHbIX YMCceN MaTpULLbl ypaBHEHUS XeHo-
Ha (2) npua =1.8,b = —0.05
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YpaBHeHUe (8) uMeeT ABa pelieHus:

p—1
—

[TepBoe penieHe HaxoguTcs Ha oTpeske 0 < x < 1 mpu Jito-
OBIX I, @ BTOPOEe — TOJbKO mpu x > 1.

Onpenenum CBOJICTBaA YCTOMUMBOCTH Haii-
OEeHHBIX TO4YeK paBHOBecus. [jsi 3TOro Haigem
MIPOU3BOIHYI0 QYHKUMM

xg=0, xj=

fr(x,p) = p—2ux.

Wccrepyem cHavasa TOYKYy paBHOBecus x; = 0. Tak
KaK fy(0,u) =, 3HAUMT TOUKa paBHOBecusl X; =0
OymeT acUMMIITOTMYECKM ycToiumBa Tipy 0 < u <1
¥ HeycToMumuBa npu p > 1.

PaccMoTpyuM TOUKY paBHOBecus x; = ——. [l Hee
u
MIPOU3BOIHAST IMEeT BUI:

fr(xi(w),m) =2 —p.

3Haunt npu p € (1,3) Touka x*(u) — aCMMIITOTUYECKU
YCTOYMBA, a IpU | > 3 — HEeyCTOoNuMBa.

Ornpepenyum pasMepHOCTb aTTPAKTOPA, TOPOXAEHHOTO
JIOTUCTUYECKOI Mopebio. [Tpu . = 3.9 coO6CTBEeHHBIE 3HA-
YeHMsI 6 MaTpUIbl KoBapuauuy ©, OKpyIJIeHHbIe C TOY-
HocTbhio 0.000001, cnemymomye (cM. puc. 2): 1266.317915,
1150.614079, 542.278221, 225.531951, 142.284321.

[To xauecTBeHHBIM M3MeHeHMSIM rpadmka Ha puc. 2
BUJHO, UTO pa3MepHOCTb aTTpakTopa paBHa ABYM.

4. Mopenb BaH-pep-lons

Paccmotpum ypaBHeHue Ban-mep-Ilonsa (1). ITycth
x = x1, X' = xp, TOrIA

!/
X1 X2,
!/ 2
xy = u(l—x7)x0 — xq.
0O603HaYUM

x=[1]. rew=|

X2
w(l—xd)xy —xq ]

T
1

1200
1000
800
% 600
400 .
200 - : -

T
1

T
1

T
1

Puc. 2. 3HaueHns cobCTBEHHbIX YMCeN MaTpULLbl TOTUCTUHECKOM MO-
fenn (3) npyuu = 3.9

dX
Torma — = f(X,u), X € R2.

dt

Pemast ypaBHeHue f(X,u) = 0, mosyyaem, 4To eIuH-

CTBEHHAsl TOYKAa paBHOBECMsST — 9ITO TOYKA Havaia
KkoopguHat © = (0,0).

Hanee mpoaHaaM3upyeM MaTpuily SIKo6M cemyioiero
BUZA:

0 1

! —
S = gy -1 w1 - x7)

Eciu mopcraButh B MaTpuily SIKoO6M TOUKy O,
TO TIOJTyYaeTcs

s =1 1]

[TpoaHanu3upoBaB COGCTBEHHbIE 3HAUEHMS] MaTpu-
bl f4 (O, ) momydaem, 4to rmpu p = 0 TOUKa paBHOBECHUS
©(0,0) umeeT TnII «LEeHTP» , TpK 0 < @ < 2 — HEYCTONYM-
BbIif GOKyC, IpK p > 2 — YCTOHUMBBIN HOKYC.

B pesynbrare nonydaeMm, 4TO aTTPaKTOp MMeeT pas-
MEpHOCTb 2.

Ianee paccmoTpum ¢GasoBbiit mopTpeT pn 0 < u < 2
(cm. puc. 3).

B cucreme mipu 0 < p < 2 BO3HMKAaeT aBTOKoebaTesb-
HOe pelleHue, a Mpy yeIoBuM w — 0 MK IPUOIVSKaeTCs
K OKPY’KHOCTU paauyca 2.

Omnpenmenum pasMepHOCTh aTTPaKTopa, 06pa3oBaHHO-
ro ypaBHeHuem (1). Paccmorpum cryuait, korga u = 0.5.
Co6CcTBEHHbBIE 3HAUEHMS 0, OKPYIJIEHHBIE C TOYHOCTBIO 10
0.000001, maTpuipl KOBapuauuy @ UMEKT CAeayHLINiA
Bup (cM. puc. 4): 382.344409, 0.031335, 0.008106, 0.003813,
0.002478.

2; -
1; -
x; OFf .
1k 4
2 ¢ I | I I I 7
-2 -1 0 1 2
X2

Puc. 3. ®azoBbit noptpet npy pw = 0.5
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400

300 7

o 200 [

100 - B

Puc. 4. 3HaueHns coBCTBEHHbIX YMcen MaTpuLbl ypaBHeHUs BaH-
pep-Mona (1) nppu p = 0.5

5. MepKoNSUUOHHbIN CEHCOP NpHU

ucnapeHunn antoMmMHuUA

PaccMoTpuM BOJIbTaMIIEPHBINT BPEMEHHOI pAn, I10-
JIyYeHHBII Ha OCHOBE WUCCAENOBAHMUSI MCHApEHUs asio-
MMHMEBOV POBOJIOKU MIPU MOTPYKEeHUU B XUMUUECKUIA
pactBop (cM. puc. 5).

Pap us n = 9800 3HaueHuii (cMm. [7]) pa3menum Ha 3 ya-
CTU, COOTBETCTBYIOLIME pas3JIUYHBbIM dTanam. Mcciemyem
BTOPOI1 3Tal, OTBEYAIOLMi1 3a Mepexos, U3 Makpo MU MUK-
popasMepHbIX B HaHOpa3MepHbie HOPMbI, ITOCKOIbKY MUMeH-
HO 3Ta 4acTh Hambosiee CUIIbHO MTOABEPKEHA Pa3INIHbIM
rnapamMeTpaM Cpenbl.

[TokaskeM BO3MOKHOCTb OINMCAHUSI JaHHOTO BpeMeH-
HOTO psifia IMIaJKoii JeTepMUPOBAaHHON MOJEbIO.

B pa6ore [11] momy4yeHo, UTO pe3ybTaThl SKCIIEPUMEH-
Ta, ONpeAeneHHble OTPAaHNYEHHO MMOCIeN0BaTebHOCThIO
IeACTBUTEIbHBIX UMcen A, MOTYT ObITh OIMCAHbI IJIAJKOM
JleTepMMHUPOBAHHOV MOJENbIO, eC/IY BeTuIMHa

Cne(A)

9
n—Ine ©)
paBHOMEPHO OTrpaHMUYeHa Mpu n — Ine — co. B maHHOM
cryuae A = {a;, 0 <i < oo}, a 3HaueHue Cye(A) — umc-
JIO 371eMeHTOB MHOXecTBa G, . MHOXecTBO G, ¢ OIpene-
nsieTcs clenylomuM obpasom: i > 0, To i € G, TOTHA U

TOJILKO TOrAa, Korma 0 <j <iu j € Gy, (i, j — UHOEK-
Cbl NTOC/Ie0BaTeNIbHOCTY A). BennunHa € onpepenseTcs
U3 C/IeflyIoIero HepaBeHCTBa:

max{|a; — a;|, i1 — Aji1l, o [@ipn — Qjpnl} > &

B nnpotuBHOM ciyyae, ecnu (9) HepaBHOMEPHO OTpaHu4e-
Ha, TO ITOCJIeIOBATEIbHOCTh A HEe MOKET ObITh 0ObSICHEHA
C TIOMOIIIBIO AeTePMUHUPOBAHHON Mofenu. [l paccmoT-
PEHHO1 3aaun MOIyYaeTcs, UTO P JII0OOM & CYLIECTBYeT
rpejes, a 3HAUUT TPOIecC He SBISIETCS CAydaliHbIM.

[TpuMeHsISt MEeTOZ, IJTABHBIX KOMITOHEHT COOCTBEHHbIE
3HaueHMs] MaTpHUIlbl KOBapualuu, OKpyIJIeHHbIe C TOU-
Hocthio o 0.000001, ompepensiioTcst Tak: 254.607831,
0.032616, 0.008797, 0.004131, 0.002689.

31ech aTTpakToOp MMeeT pa3sMepHOCTb PAaBHYIO IBYM.

Hasee o151 aHa/IM3a BpeMEHHOTO psiia HalimeM Ko3d-
dument Xepcra (cMm. [8]). Eciv BpeMeHHOI psifi, 3a7aeTCs
MOC/IeA0BaTENbHOCTBIO &;, cocTOsIEel U3 T 3/1eMEHTOB, TO
IJIS1 HeTO Heo6XOAMMO OIpee/IUTh CpeiHee 3HaueHue &;.
Harnee omnpenensieTcsl CpelHEKBaApaTUUYHOE OTKIOHEHME:

1 T 1/2
S(T) = (T z@i—z)) ,

i=1

MaKCMMaJIbHO€ OTKJIOHeH!e

~

BBegem pazmax HaKOIIEHHBIX CYMM:
R(T) = My — mr.
N3 cooTHOmIEHUS
R(T)

5(T)

onpenenuM nokasartesnb Xepcra (0 < H < 1).

=~ (aT)H, a—const, a>0,

0.06 T T

0.05

0.04

t 0.03

0.02

0.01

O 1 1
0 2000 4000

6000 8000 10000

n

Puc. 5. Tpaduueckunin Bua BpeMeHHOro paaa



50 P.[. MyptasuHa, M. . butkynos, 2.P. laixnes

20 (2025) 1 MHorodasHble cucTembl

s cnyvaiiHoro mporecca ¢ Hesasucumbivu ipupa- CNMCOK nutepaTtypbl / References

IIEHUSIMU ¥ KOHEUHOJ mycriepcueitr B pabote [9] 6b110
CTPOTOo IOKA3aHo, UTO IToKa3aresb Xepcra paseH 0.5 (Bpe-
MEHHOJ psif COOTBETCTBYET rayCCOBCKOMY LIIyMY, TO €CTh
CIIy4aliHOMY MPOLIECCY).

XepCT MpenonoKkuI, YTO CABUT 3HaUeHMit oT 0.5 mmpo-
MCXOAUT B CBSI3U C CYIleCTBOBAHMEM [IJISI IPUPOIHBIX TTPO-
1IeccoB «maMsaTu». OTinune nokasaresst Xepcera ot 0.5 Tak-
ke 0OBSICHSIOT OTpakeHreM (ppaKTaabHbIX CBOCTB IIPO-
11eCCOB, MMOPOKIAIONIMX BpeMeHHbIe psabl. B pabore [10]
10 aHAJIOTUHU C 06006IIEHHBIM GPOYHOBCKUM JIBVDKEHVEM
MpenmnoiaraeTcsi, uTo

o npu Ko3pduimente Xepcra 0< H <0.5 Bpe-
MEHHOJ psii, Ha3blBA€TCSI aHTUIIEPCUCTEHTHBIM
VTV «PO30BBIM IITYMOM»;

o ipu 0.5 < H < 1 BpeMeHHOI1 psifi, Ha3bIBAETCS TTepCu-
CTEHTHBIM WJIN «4E€PHBIM IITYyMOM».

[j1s1 BOJIbTaMIIEPHOTO BPEMEHHOTO Psia MepKOJISIL-
OHHOTO CeHCOopa IIPU UCTIapeHUN TeKTPOTUTOB aTFOMUHUS
(cm. puc. 5) uagekc Xepcra H ¢ Tounoctbio Ao 0.0001 pa-
BeH 0.6658. CemoBaTeNbHO, pacCMaTpUBaeMblil BpeMeH-
HOTL pSifi SIBJISIETCS TIePCUCTEHTHBIM.

6. 3aknuveHue

MeTonoM IJTaBHBIX KOMIIOHEHT [/ ypaBHeHui BaH-
nep-Ilons, XeHOHA U JOTMCTMYECKOW MOZeNM ompenese-
HbI Pa3MEPHOCTH aTTpakTopa. IlojiydeHO, UTO ypaBHEHME
Bau-nmep-Ilonst u joructuyeckast Mojaiesib 00pasyloT aT-
TPaKTOPhI pa3MepPHOCTH 2, a ypaBHeHNe XeHOHa o0pasyeT
aTTpaKTOp pa3sMepPHOCTH 3.

OmnpeneneH MHOEKC XepcTa BOJbTAMIEPHOTO Bpe-
MEHHOTO psia MEepPKOISILMOHHOIO CeHCopa Mpu ucmnape-
HUU SJIEKTPOJIUTOB TIOMMHMSI, TPUOIU3UTETBHO paB-
HbIi1 0.6658. CnemoBaTebHO, 3HAYEeHMS JaHHOTO BpeMeH-
HOTO psifia CUIIbHO KoppeaupyeMbl. MeTOIOM IJIaBHbIX KOM-
TMOHEHT TaKsKe IT0Ka3aHo, YTO paCCMOTPEHHbBI BpeMeHHO
PSIZ OTIMCBIBAETCSI ABYMSI KOMIIOHEHTaMM.
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